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OFER GABBER, QING LIU, AND DINO LORENZINI 

Abstract. Let K be the field of fractions of a Henselian discrete valuation ring 
_ Ok- Let Xk/K be a smooth proper geometrically connected scheme admitting a 

regular model X/Ok- We show that the index 5{Xk/K) of Xk/K can be explicitly 
■ computed using data pertaining only to the special fiber Xk/k of the model X. 

We give two proofs of this theorem, using two moving lemmas. One moving lemma 
pertains to horizontal 1-cycles on a regular projective scheme X over the spectrum 
of a semi-local Dedekind domain, and the second moving lemma can be applied to 
0-cycles on an FA-scheme X which need not be regular. 

The study of the local algebra needed to prove these moving lemmas led us to 
introduce an invariant 7(A) of a singular local ring (A, m): the greatest common 
divisor of all the Hilbert-Samuel multiplicities e{Q,A), over all m-primary ideals Q 
in m. We relate this invariant 7(A) to the index of the exceptional divisor in a 
resolution of the singularity of Spec A, and we give a new way of computing the index 
of a smooth subvariety X/K of over any field K, using the invariant 7 of the local 
ring at the vertex of a cone over X. 

KEYWORDS. Index of a variety, separable index, moving lemma, 1-cycles, 0-cycles, 
rationally equivalent, Hilbert-Samuel multiplicity, resolution of singularities, cone. 
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Let W he a. non-empty scheme of finite type over a field F. Let V{W/F) denote 
the set of all degrees of closed points of W. The index 6(W/F) of W/F is the greatest 
common divisor of the elements of V{W/F). The index is also the smallest positive 
integer occurring as the degree of a 0-cycle on W. When W is integral, let ly^^ denote 
the regular locus of W, open in W. We note in 16.81 that 6(W^'^^/F) is a birational 
invariant of W/F. 

Let now K be the field of fractions of a discrete valuation ring Ok with residue 
field k. Let S := SpecCi^-. Let X — )■ S" be a proper fiat morphism, with X regular 
and irreducible. Let Xk/K be the generic fiber of X/S. Write the special fiber Xk, 
viewed as a divisor on X, as X^ILi where for each i = 1, ... ,n, Ti is irreducible, 
of multiplicity in X^. Using the intersection of Cartier divisors with 1-cycles on the 
regular scheme X, we easily find that gcdi{ri6{Ti/k)} divides 5{Xk/K) (see lS.ip . Our 
theorem below strengthens this divisibility, and shows that when Ok is Henselian, the 
index of the generic fiber can be computed using only data pertaining to the special 
fiber. 

Theorem 18.21 Keep the above assumptions on X/S. 

(a) Then gcdi{ri5{TY^ /k)} divides S {Xk/K) . 

(b) When Ok ts Henselian, then S{Xk/K) = gcdi{ri6{r'^yk)}. 
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Theorem 18.21 answers positively a question of Clark ([10], Conj. 16). This theorem 
is known already when A; is a finite field ([5], 1.6, see also [13], 3.1), or when k is 
algebraically closed (same proof as in [5]), or when X^/K is a curve with semi-stable 
reduction ([lO], Thm. 9). 

We give two proofs of Theorem 18.21 using two different moving lemmas which may 
be of independent interest. The first proof uses the Moving Lemma [273] stated below. A 
slightly strengthened version is proved in the text. The definition and main properties 
of the notion of rational equivalence of cycles are recalled in section [H 

Theorem 12.31 Let R be a semi-local Dedekind domain, and let S := Spec(i?). Let X/S 
be flat and quasi-projective, with X regular. Let C be a 1- cycle on X, closure in X of 
a closed point of the generic fiber of X . Let F be a closed subset of X such that for all 
s & S , F n Xs has codimension at least 1 in Xg. Then C is rationally equivalent to a 
cycle C on X whose support does not meet F. 

Our second proof of Theorem 18.21 uses the Moving Lemma 16.51 below, which allows 
some moving of a multiple of a cycle on a scheme X which need not be regular. Recall 
(12. 2p that X is an FA-scheme if every finite subset of X is contained in an affine open 
subset of X. 

Theorem 16.51 Let X be a noetherian FA-scheme. Let F be a closed subset of X of 
positive codimension in X . Let xq € X. Let Q be a rrix.xo "J^'"^^^^?/ ideal of Ox.xo, 
with Hilbert- Samuel multiplicity e{Q,Ox,xo)- Then the cycle e{Q)[{xo}] is rationally 
equivalent in X to a cycle Z such that no irreducible cycle occurring in Z is contained 
in F. 

Theorem 16.51 is a consequence of a local analysis of the noetherian local ring Ox,xo 
found in section |U and in particular in Theorem 14.51 Our investigation of the local 
algebra needed to prove Theorem 16.51 led us to introduce the following local invariant 
in 15.11 Let {A,m) be any noetherian local ring. Let S{A) denote the set of all Hilbert- 
Samuel multiplicities e{Q,A), for all m-primary ideals Q of A. Define 7(A) to be the 
greatest common divisor of the elements of S{A). Theorem 16.51 and the definition of 
7(7!) show that: 

Corollary 16.71 Let Xj k be a reduced scheme of finite type over a field k and let xq € X 
be a closed point. Then 5{X^'^^/k) divides 7(Cx,a;o) cleg;j(xo). 

This statement is slightly strengthened when Ox,xo is not equidimensional in 17.131 
Recall that the Hilbert-Samuel multiplicity e(m. A) is the smallest element in the set 
£{A), and that it is a measure of the singularity of the ring A: if the completion of A 
is a domain (or, more generally, is unmixed [27], 6.8 and 6.9), then A is regular if and 
only if e(m. A) = 1. The invariant 7(A) is also related to the singularity of the ring A: 
our next theorem shows that 7(A) is equal to the index of the exceptional divisor of a 
desingularization of Spec A. 

Theorem 15.61 and 17. 3i Let A be an excellent noetherian equidimensional local ring 
of positive dimension. Let X := Spec A, with closed point Xq. Let / : F — > X 
be a proper birational morphism such that Y is regular. Let E := /~^(xo). Then 
j{A)=6{E/kixo)). 



THE INDEX OF AN ALGEBRAIC VARIETY 



3 



Note that in the above theorem, the set of degrees 'D{E) and the set of Hilbert-Samuel 
multiphcities S{A) need not be equal, and neither needs to contain the greatest common 
divisors of its elements. The proof that 7(A) = 6{E/k{xo)) involves a third set of 
integers attached to A, which is an ideal in Z, so that the greatest common divisor 
n{A) of the elements of Af belongs to A/" (15. 4p . The proof shows that 7(A) = n{A) and 
n{A) = 6{E/k{xo)). The properties of the invariant n{A) are further studied in section 

m 

As an application of Theorem 17. 3[ we obtain a new description of the index of a 
projective variety. 

Theorem 17.41 Let K he any field. Let V/K he a regular closed integral suhscheme of 
P^. Denote hy W a cone over V in P"/'"'^. Let wq eW denote the vertex of the cone. 
Then6{V/K)=j{Ow,n,o)- 

The variant of Hilbert's Tenth Problem, which asks whether there exists an algorithm 
which decides given a geometrically irreducible variety V/Q, whether V/Q has a Q- 
rational point, is an open question to this date ([IS], p. 348). So is the possibly 
weaker question of the existence of an algorithm which decides, given V/Q, whether 
^{V/Q) = 1 (17. 7p . In view of Theorem 17. 4[ we may also ask whether there exists an 
algorithm which decides, given a Q-rational point Wq on a scheme of finite type W/ Q, 
whether 7(Ciy,t«J = 1- 

In the last section of this article, we settle a question of Lang and Tate [SB], page 
670, when the ground field K is imperfect, and prove: 

Theorem 19. 2i Let X he a regular and generically smooth non-empty scheme of finite 
type over a field K . Then the index 5{X/ K) is equal to the separahle index 5sep{X/ K) . 

We thank the referee for a meticulous reading of the article and for many useful 
comments. 
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1. Rational equivalence 

We review below the basic notation needed to state our moving lemmas. Let X be 
a noetherian scheme. Let Z{X) denote the free abelian group on the set of closed 
integral subschemes of X. An element of Z{X) is called a cycle, and if Y is an integral 
closed subscheme of X, we denote by \Y] the associated element in Z{X). 
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Let ICx denote the sheaf of meromorphic functions on a noetherian scheme X (see 
[52] . top of page 204 or [3S], Definition 7.1.13). Let / G lC*x{X). Its associated principal 
Cartier divisor is denoted by div(/) and defines a cycle on X: 

[div(/)] = $^ord.(/.)[{^] 

X 

where x ranges through the points of codimension 1 in X (i.e., the points x such 
that the closure {x} has codimension 1 in X; this latter condition is equivalent to 
the condition (iim.Ox,x = !)• The function ord^; : /Cxx — ^ ^ is defined, for a regular 
element of 5^ G Ox,x^ to be the length of the Ox,x-module Ox,x/{.g)- 

A cycle Z is rationally equivalent to ([33], §2), or rationally trivial, if there are 
finitely many integral closed subschemes Yi and principal Cartier divisors div(/j) on 
Fj, such that Z = ^j[div(/i)]. Two cycles Z and Z' are rationally equivalent in X if 
Z — Z' is rationally equivalent to 0. We denote by A{X) the quotient of Z{X) by the 
subgroup of rationally trivial cycles. 

1.1 We will need the following facts. Given a ring A and an A- module M, we denote 
by £^(M) the length of M. Let (A, m) be a noetherian local ring of dimension 1. Let 
pi, . . . ,pi be its minimal prime ideals. Let Frac(A) be the total ring of fractions of A 
(with Frac(A) = ICx{X) for X = Spec A) and denote by ord^ : Frac(A)* Z the 
associated order function. Then 

(1) Let / G FTa.c{A)*, and let fi denote the image of / in FTa.c{A/pi)* . Using [1], 
Lemma 9.1/6, we obtain that 

ord^(/)= J2 iA,Mp^)oidA/M)- 

l<i<t 

(2) If A is reduced, then the canonical homomorphism 

Frac(A) — > ®iAp^ = ®i Fmc{A/pi) 
is an isomorphism. 

(3) Let A C B ^ Frac(A) be a subring such that B/A is finite. Let rii, . . . , be 
the maximal ideals of B, and let b G Frac(A)*. Then 

OTdA{b) = J2 [B/rii : A/m]ordB„^(6). 

l<j<r 

Indeed, our hypothesis implies that the A-module B/A has finite length, so for 
a regular element h e A, iA{A/bA) = £A{B/bB). Conclude using [20], A. 1.3, 
and the isomorphism B/bB — )■ YYi=i Bm/bB^.. 
Remark 1.2 Let Fi, . . . , F,. be the irreducible components of X, endowed with the 
reduced structure. Let ^i,...,^^, denote their generic points. Let / G lC*x{X), and 
let /Ir^ be the meromorphic function restricted to Fj. If for all i < r, [div(/|rj] only 
involves codimension 1 points of X, then [div(/)] is rationally equivalent to on X, 

since [div(/)] =E:=i[div((/|rJ^(^-'«»))] (useO(l)). 

However, in general [div(/)] is not rationally equivalent to 0. Consider for instance 
the projective variety X over a field k, union of and intersecting transver sally at 
a single point 00 G P^. Let x be a coordinate function on P^ with [divpi (x)] = [0] — [00]. 
Let / be a rational function on X which restricts to x on P^ and is equal to 1 on P^. 
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Then [divx(/)] is the 0-cycle [0], since the point oo does not have codimension 1 in 
X. It is clear however that [0] is not rationally trivial in X. This shows that the 
implication (1) =^ (3) in the proposition in [21], §1.8, does not hold in general. 

A proper morphism of schemes tt : F — > X induces by push forward of cycles a group 
homomorphism ir^, : Z{Y) — )■ 2{X). If Z is any closed integral subscheme of Y, then 
7r,([Z]) := [k{Z) : k{7i{Z))][7i{Z)], with the convention that [k{Z) : k{7i{Z))] = if the 
extension k{Z) /k {it (Z)) is not algebraic. It is known ([33], [51], and 11.51 below) that 
in general further assumptions are needed for a proper morphism vr to induce a group 
homomorphism ir^, : A{Y) A{X). This is illustrated by our next example, also used 
later in 12.71 UT^i and 17.171 (This example contradicts [20j, Example 20.1.3.) 

Example 1.3 We exhibit below a finite birational morphism vr : y — )■ X of affine 
integral noetherian schemes with Y regular, and a closed point yi ^ Y of codimension 

1 with [yi] rationally equivalent to on Y, but such that 7r*([yi]) is not rationally 
equivalent to on X. The key feature in this example is that vr maps the point yi of 
codimension 1 in y to a point of codimension 2 in X = Spec A. It turns out that A is 
not universally catenary. Our example is similar to that of [23], IV. 5. 6. 11. The idea of 
the construction of a ring that is not universally catenary by gluing two closed points 
of distinct codimensions is due to Nagata (see [H], 14. E). 

Let ko be any field. Let k := fco(^o)oeN be the field of rational functions with 
countably many variables. Consider the polynomial ring in one variable k[S] and the 
discrete valuation ring R := k[S](sk[s])- Let Y := Spec i?[T]. Let -P(T) G k[T] be an 
irreducible polynomial of degree d > 1. Let yo ^ Y he the closed point corresponding 
to p := (-P(r), S) and let yi be the closed point corresponding to q := {ST — 1)R[T]. 
Then dim{?/j} = and dimCy,^. = 2 — i. The residue field A;(?/o) '■= k[T]/ {P{T)) is a 
finite extension of k of degree d, and k{yi) = Frac(-R) = k{S). 

Choose a field isomorphism (p : k ^ k{S). Let X := Spec A be the scheme obtained 
by identifying yi and yo via ip (see [45j, Teorema 1, [51], 3.4, or [16], 5.4): 

A:={fe R[T] I f{yo) G k, ^{f{yo)) = f{yi)}. 

By definition, A is the pre-image of the field {{X,(f{X)) | A G /c} under the canonical 
surjective homomorphism R[T] — )• /c(?/o) © k{yi). The ideal m := p fl q of -R[T] is 
then a maximal ideal of A, defining a closed point Xq G X whose residue field k{xQ) 
is isomorphic to {{X,ip{X)) \ X G k}. The inclusion A — )■ R[T] induces a morphism 

TT : y ^ X. 

It is easy to see that R[T]/m is finitely generated over A/xn. Since m C A, we can 
thus produce a finite system of generators for the A-module R[T]. More precisely, we 
have R[T] = A + T{TS -1)A + --- + T'^-\TS - I) A + TSA. Therefore, tt is finite 
and, hence, A is noetherian by Eakin-Nagata's theorem. The ring A has dimension 

2 and, thus, is catenary. The induced morphism n : Y \ {yo,yi\ — )■ X \ {a;o} is an 
isomorphism. Indeed, for any special open subset D{h) C X \ {a;o} (i.e., h Exn \ {0}), 
we have hR\T] C m C A. So any fraction g/h^ with g G R\T] is equal to gh/k"-^^ with 
gh G A, and R[T]h = A^. 

Fix now d > 2. Let / := ST — 1 G q. Then [div(/)] = [y^. By construction, vr 
induces an isomorphism k^xo) ~ k{yi), so that vr^,([?/i]) = [xq]. We claim that [xq] is not 
rationally trivial on X. Indeed, let C be a closed integral subscheme of X containing 
Xq as a point of codimension 1. As Ox,xo and X are of dimension 2, we must have 
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dimC = 1. Let C be the schematic closure of 7r^^(C \ {xq}) in F, and let p : C — )• C 
be the restriction of vr. Then p is a finite birational morphism of integral noetherian 
schemes of dimension 1. The point yi cannot belong to C, since otherwise the prime 
ideal q would properly contain the prime ideal of height 1 corresponding to the generic 
point of C. Hence, p~^{xq) = {yo}- 

Now let div{g) be a principal Cartier divisor on C. Then, using [LT] (3), ord^oig) = 
[k{yo) : k{xo)]oTdyg{g) = dordyf^^g). Therefore, if n[xo] is rationally equivalent to 0, 
then d \ n. It follows that [xq] is not rationally equivalent to when d > 2; in fact, 
[a;o] has order d in the group A{X). The same proof shows that [xq] has order d in the 
group ^(Spec Ox,xo)- 

1.4 For general noetherian schemes, Thorup introduced a notion of rational equivalence 
depending on a grading 6x on X, which turns the quotient A{X, 6x) of Z{X) by this 
equivalence into a covariant functor for proper morphisms and a contravariant functor 
for flat equitranscendental morphisms ([54J, Proposition 6.5). 

We briefly recall Thorup's theory below. A grading on a non-empty scheme X is 
a map 5x '■ X Z such that if x G {y}, then h.t{x/y) < 5x{y) — 5x{x) ([54j, 3.1). 
A grading 5x is catenary if the above inequality is always an equality (|54j, 3.6). An 
example of a grading on X is the canonical grading 5ca.n{x) '■= ~ dim Ox,x- This grading 
is catenary if and only if X is catenary and every local ring is equidimensionau ( |54] . 
p. 266) at every point. 

Let Y be an integral closed subscheme of X with generic point r], and let / G k{Y)* . 
Denote by [div(/)]'^^^ the cycle [div(/)] where we discount all components {x} such 
that 6x{x) < 5x{f]) — ^- One defines the graded rational equivalence on Z{X) using 
the subgroup generated by the cycles [div(/)](^\ for all closed integral subschemes of 
X. \i 5x is catenary, then the graded rational equivalence is the same as the usual 
(ungraded) one ([M|, Note 6.6). Denote by A{X, 5x) the (graded) Chow group defined 
by the graded rational equivalence. 

Let / : y — )■ X be a morphism essentially of finite type. Let 5x be a grading on X. 
Then / induces a grading 5f on Y defined in [5^ (3.4), by 

5f{y) := 5x(/(2/)) +trdeg(fc(2/)/M/(^/)))- 
If / is proper, then / induces a homomorphism : A{Y,5f) — t- A{X,5x) ([SI], 
Proposition 6.5). If X is universally catenary and equidimensional at every point, 
and 5x = 5can, then 5/ is a catenary grading on Y ([M], 3.11). It is also true that if X 
is universally catenary and 5x is a catenary grading, then 5/ is a catenary grading on 

Y ([SI], p. 266, second paragraph). 

1.5 In particular, assume that both X/S and Y/S are schemes of finite type over a 
noetherian scheme S which is universally catenary and equidimensional at every point, 
and / : y — )■ X is a proper morphism of S'-schemes. Let C and C be two cycles on 

Y (classically) rationally equivalent. Then ft:{C) and f*{C') are (classically) rationally 
equivalent on X. 

In Example II. 3[ endow X with the canonical grading, and Y with the grading 6-,^. 
Then 6x is catenary but 5^ is not, because yi has virtual codimension 2. Computations 
show that A(Y, 5^) = Z © Z, generated by the classes of [yi] and [Y] . The group A(Y) 

^ Recall that a ring A of finite KruU dimension is equidimensional if dim A/p — dim A for every 
minimal prime ideal p of A. A point a; G AT is equidimensional if Ox,x is- 
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is isomorphic to Z, generated by the class of \Y]. The group A{X) is isomorphic to 
A{X, 5can) = (Z/dZ) © Z, generated by the classes of [xq] and [X], with the former of 
order d. 

1.6 Let 5" be a separated integral noetherian regular scheme of dimension at most 1. 
Let rj denote its generic point. Endow S with the catenary grading 1 + ^^an (which is 
also the usual topological grading). Let / : X — )• S" be a morphism of finite type, and 
endow X with the grading 5f. This grading is catenary (11.41) . 

Let n>l and let x G X be such that 5/(x) = n. Then [{x}] is an n-cyde on (X, Sf). 



If dim(S') = 1 and f(x) is a closed point s G S*, then {x} is a subscheme of dimension 
n of the fiber X^. If f{x) = rj, then {x} — > S* is dominant and dim{x}^ = n — 1. In 
the latter case, dim {x} = n — 1 if and only if 5* is semi-local and {x} is contained in 
X^. Otherwise, dim{x} = n. 

In particular, the irreducible 1-cycles on (X, 6f) are of two types: the integral closed 
subschemes C of X of dimension 1 such that C meets at least one closed fiber, and the 
closed points of X contained in X^ (in which case S must be semi-local). We say that 
a 1-cycle is horizontal if its support is quasi-finite over S, and that it is vertical if its 
support is not dominant over S. 

2. Moving Lemma for 1-cycles on regular X/S with S semi-local 

Let X be a quasi-projective scheme of pure dimension d a field k. Let X'^™^ denote the 
non-smooth locus of X. The classical Chow's Moving Lemma |19] and its generalization 
([14j. II. 9, assuming k algebraically closed) immediately imply the following statement: 

2.1 Let < r < d. Let Z be a r-cycle on X with Supp(Z) fl X^™^ = 0. Assume that 
dim(X'^™^) < d — r. Let F be a closed subset of X of codimension at least r + 1 in 
X . Then there exists an r-cycle Z' on X , rationally equivalent to Z , and such that 
Supp(Z') n (FUX^'^s) = 0. 

Our goal in this section is to prove a variant of this statement for a scheme X over a 
semi-local Dedekind base S = Spec R. An application of such a relative moving lemma 
is given in Theorem 18.21 

2.2 Let X be a scheme. We say that X is an FA-scheme, or simply that X is FA, if 
every finite subset of X is contained in an affine open subset of X. In particular, an 
FA-scheme is separated. The following examples of FA-schemes are well-known: 

(1) Any afiine scheme is FA. Any quasi-projective scheme over an affine scheme is 
FA ([39J, Proposition 3.3.36). More generally, a scheme admitting an ample invertible 
sheaf is FA ([23], II.4.5.4). 

(2) If X is FA, then any closed subscheme of X is clearly FA. The same holds for 
any open subset U of X. Indeed, let F be a finite subset of U, then F is contained in 
an affine open subset V of X. Hence, F 'O U (1 V with U (IV quasi-affine. By (1), F 
is contained in an affine open subset of U (IV. 

(3) More generally, if Y is FA and / : X — )■ F is a morphism of finite type admitting a 
relatively ample invertible sheaf, then X is FA. Indeed, any finite subset of X has finite 
image in Y, so we can suppose that Y is affine. Then X admits an ample invertible 
sheaf [23], II. 4. 6. 6, and we are reduced to the case (1). 

(4) A noetherian separated scheme of dimension 1 is FA (|18], Prop. VIII. 1). 
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Suppose k is an algebraically closed field, and that X/ k is a regular FA-scheme of finite 
type. Let S/k he a separated scheme of finite type. Then any proper /c-morphism 
X ^ S is projective ([31], Cor. 2). 

For the purpose of our next theorem, we will call a noetherian integral domain R a 
Dedekind domain if it is integrally closed of dimension or 1. A version of this theorem 
where R is not assumed to be semi-local is proved in [22], 7.2. 

Theorem 2.3. Let S be the spectrum of a semi-local Dedekind domain R. Let f : 
X S he a separated morphism of finite type, with X regular and FA. Let C he a 
horizontal 1-cycle on X with Supp(C) finite over S. Let F he a closed suhset of X 
such that for every s E S, any irreducihle component of F H Xs that meets C is not 
an irreducihle component of Xg. Then there exists a horizontal 1-cycle C on X with 
f\c' '■ Supp(C") — )■ S finite, rationally equivalent to C , and such that Supp(C") flF = 0. 

In addition, since S is semi-local, C consists of finitely many points, and since X is 
FA, there exists an affine open suhset V of X which contains C. Then, for any such 
open suhset V, the horizontal 1-cycle C can he chosen to he contained in V , and to he 
such that if g : Y ^ S is any separated morphism of finite type with an open emhedding 
V ^ Y over S , then C and C are closed and rationally equivalent on Y . 

Proof. It suffices to prove the theorem when C is irreducible and Supp(C) fl F 7^ 0. 
Choose an affine open subset V oi X containing C. Since C is closed in V , it is affine. 

Proposition 13.21 shows the existence of a finite birational morphism D ^ C such that 
the composition D — C — 5* is a local complete intersection morphism (l.c.i). Clearly, 
when S is excellent, we can take D — )■ C to be the normalization morphism, in which 
case D is even regular, and 13.21 is not needed. Since C is affine and D — )■ C is finite, 
there exists for some iV G N a closed immersion D ^ C x s C y A^'^. 

Let U := V Xs . We claim that it suffices to prove the theorem for the 1-cycle 
D and the closed subset F := F Ag in the affine scheme f':U^S. Indeed, let 
D' be a horizontal 1-cycle whose existence is asserted by the theorem in this case. In 
particular, Supp(-D') H F = 0. Let V ^ Y he any open immersion over S. Consider 
the associated open immersion f/ ^ F XsPf and the projection p : F XgPf -^Y. By 
hypothesis, D and D' are closed and rationally equivalent in F x 5P5 . One easily checks 
that p*{D) = C because Z) — )■ C is birational. It follows from 11.51 that p*{D) = C is 
rationally equivalent to C" := p*{D') on Y. Moreover, Supp(C") fl F = 0. 

The existence of D' with the required properties follows from Proposition 12.41 below. 
Indeed, first note that since D/S is l.c.i., each local ring Od,x, x E D, is an absolute 
complete intersection ring ([23], IV. 19. 3. 2). It follows that the closed immersion D ^ U 
is a regular immersion ([23], IV. 19. 3. 2). 

Let d := codim(D, U). We note that d > since Supp(C) flF 7^ and for each point 
in Supp(C) flF over s G S*, Fn\4 is not an irreducible component of Vg. Let x G -D be 
a closed point, and let s := f'{x). Then dimC/^ -j. = dim(5'), dimCj/a, = d -\- dim(S'), 
and dimOf/^ -r = d. Our assumption on F implies that the irreducible components of 
F nUg passing through x have dimension at most d — 1. We can thus apply [23] below 
to conclude the proof of 12.31 □ 

Proposition 2.4. Let S he any semi-local affine noetherian scheme. Let U ^ S he 
a morphism of finite type with U affine. Let C he an integral closed suhscheme of U , 
of codimension d > 1, and finite over S. Suppose that the closed immersion C ^ U 
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is regular. Let F be a closed subset of U such that for all closed points s G S, the 
irreducible components of F (1 Ug that intersect C all have dimension at most d — 1. 
Then there exists a cycle C on U rationally equivalent to C and such that: 

(1) The support of C is finite over S and does not meet F U C . Moreover, for any 
closed point s ^ S, Supp(C") does not contain any irreducible component ofUg- 

(2) Suppose that S is universally catenary. Let Y ^ S be any separated morphism 
of finite type and let h : U ^ Y be any S -morphism. Then h^{C) is rationally 
equivalent to h^{C') on Y . 

Proof. Reduction to the case d = 1. Write U := Spec A and C := V{J). Suppose d> 2. 
By hypothesis, the (A/J)-module J/J^ is locally free, hence free of rank d. Now lift a 
basis of J/ to elements fi, ■ ■ ■ , fd ^ J- For all p G C, we have Jp = fiAp H — ■ + f^Ap 
by Nakayama's Lemma. As Jp is generated by a regular sequence by hypothesis. Lemma 
12.61 implies that /i, . . . , is a regular sequence in Ap. 

Let Fi, . . . , r„ denote the irreducible components of F fl f/^ that intersect C, with s 
ranging through the finitely many closed points of S. By hypothesis, dim Ti < d — 1 for 
all i. Apply Lemma [231 to A, J, Fi, . . . , F„, and /i, . . . , fa-i as above. We obtain the 
existence of gi, . . . , gd-i, such that C <^ V{gi, . . . , gd-i), and such that every irreducible 
component of V{gi, . . . , gd~i) H Fj either has dimension or is contained in C. 

Lemma flM implies that gi, . . . ,gd-i, fd is a regular sequence at the points of C, so 
the immersion C — )■ V{gi, . . . , gd-i) is regular. It is easy to check that the proposition 
is proved if it can be proved for the closed subsets C and F fl V{gi, . . . ,gd-i) inside 
the affine scheme V{gi, . . . ,gd-i)- Moreover, we note that now 

(a) at any point p of C, C is defined in V{gi, . . . , gd-i) by the regular element fd, and 

(b) any irreducible component of FnV{gi, . . . , gd-i)s is either contained in C or disjoint 
from C. 

We make one further reduction if V := V{gi, . . . ,gd-i) is not integral. For every 
X E C, fd is a. regular element of Ov,x, and Oc,x — Ov,x/{fd)- This easily implies 
that Ov,x is a domain. Thus, there is a unique irreducible component W of V through 
X. Clearly, W is independent of x, and in a neighborhood of C, V coincides with W 
endowed with the reduced subscheme structure. The morphism C ^ W is still regular. 
We may thus replace V with the integral subscheme W. 

We assume henceforth that U is integral and that d = 1. Fix now an open S- 
immersion f/ — )■ X, with X/S projective and X integral. Let F be the Zariski closure 
of -F in X. Let Z denote the closed subset of X consisting in the finite union of the 
following closed sets: 

(a) X\U- 

(b) All irreducible components of F fl which do not intersect C, for each closed 
point s E S; and 

(c) One closed point of F which does not belong to C, for each irreducible component 
F of Us which is not contained in C, and for each closed point s G S". 

By construction, Z fl C = 0. 

Since C is proper over 5*, it is closed in X. Since = 1, C is in fact a Cartier divisor 
on U, and since it is closed in X, we can extend it to a Cartier divisor on X. Let 
be the sheaf of ideals on X defining C. This is then an invertible sheaf, and as usual 
we let Ox{nC) := J-"". 
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Let X be the sheaf of ideals on X defining the reduced induced structure on Z. Let 
X{nC) denote the image of X® Ox{nC) in Ox{nC). For all n > 2, we have a natural 
exact sequence 

^ X((n - 1)C) ^ X{nC) ^ J'^ ^ 0, 

where J-'„ is a coherent sheaf annihilated by J and, hence, supported on C. Applying 
H^{X, — ) to the above exact sequence, we get 

H\X,I{{n - 1)C)) ^ H\X,I{nC)) 

because C is affine. Since X/S is projective, we have obtained a system of finitely 
generated C5(S')-modules with surjective transition maps. Since Os{S) is noetherian, 
the transition maps are eventually isomorphisms. Hence, there exists uq > such that 
for all n > Uq, H\X,X{nC)) H\C,J^n) is surjective. 

By hypothesis, the stalk J7x at each a; G C is generated by a regular element. Since 
C is semi-local and closed in the affine scheme f/, we can find an affine open subset V 
m. X\Z containing C such that J\v is principal, say generated by a function ip. For 
all n > 0, induces a generator of 0{nC)\c. Since fl C = 0, we find for all 
n > that {J^n)\c is isomorphic to 0{nC)\c. Thus, for all n > uq, we can find a global 
section /„ of X{nC) which lifts the generator of Ox{nC)\c- 

Fix n > riQ, and consider g := {1 + /„+i)/(l + /„) G JCxiX). Let 

C" ■.= C+[dwxi9)]. 

Then Supp(C") is projective over S because it is closed in X. By construction, 
[divy((7)] = — C, and [divx(5')] has support disjoint from Z. Thus, C fl Supp(C") = 0, 
and since Z contains X \ f/, we find that Supp(C") C U. Since U is affine, Supp(C") is 
finite over S. 

Recall that for each closed point s E S, Z contains all irreducible components of 
F n Xg which do not intersect C. Recall also that by hypothesis (in the case d = 1), 
for all closed points s E S, the irreducible components of F nUg that intersect C have 
dimension and are thus contained in C. It follows that F (1 Supp(C") = 0. 

Finally, recall that for each closed point s E S and for each irreducible component F 
of Us which is not contained in C, then Z contains a closed point of F which does not 
belong to C. Then Supp(C") does not contain any irreducible component of Ug which 
is not contained in C. This shows (1). 

(2) Now suppose that S is universally catenary. We start with the following reduc- 
tion. Recall from the beginning of the proof the existence of a closed integral subscheme 
W of U such that C G W is a regular embedding and C has codimension 1 in W. Let 
T denote the schematic closure of the image of W in 5*. It suffices to prove (2) for 
W ^ T, and the morphism h' : W ^ Y XsT. We are thus reduced to the case where 
both U and S are integral. In particular, S is equidimensional at every point and 
universally catenary, and the theory recalled in 11.41 applies. 

Fix as in (1) an open S-immersion U ^ X, with X/S projective and X integral. 
Let g be as in (1). Let F C X x 5 F be the schematic closure of the graph of the 
rational map X --■> Y induced hj h : U Y. Let p : F — )■ X and g : F — )■ F be the 
associated projection maps over S. Since Y/S is separated, the graph of h : U ^ Y 
is closed in U Xs Y. Hence, p : p^^{U) — )■ t/ is an isomorphism. Since F is integral 
and its generic point maps to the generic point of X, the rational function g on X 
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induces a rational function, again denoted by g, on F. As p : p^^{U) U is an 
isomorphism, we let p*{C) and p*{C') denote the preimages of C and C in p~^{U)] 
they are closed subschemes of F. Since g is an invertible function in a neighborhood of 
X \ U, [divr(5')] = p*{C) - p*{C'), and p*{C) and p*{C') are rationally equivalent on 
F. Fix a catenary grading on S and define gradings on schemes of finite type over S 
accordingly (11. 4p . Then, as q is proper, q^,p*C and q^,p*C' are rationally equivalent in 
Y. Since KC = q,p*C and KC = q.p*C', (2) follows. □ 

Lemma 2.5. Let U = Spec A be a noetherian affine scheme. Let C := V{J) he a 
closed subset ofU. Let Fi, . . . , F„ be irreducible closed subsets ofU. Let /i, . . . , G J. 
Then there exist gi, . . . ,gs G J such that gi & fi + for alii = 1, ... ,6, and such that 
the following property holds. Let i < S and j < n. Then any irreducible component of 
Tj n V{gi, . . . ,gi) not contained in C has codimension i in Tj and, hence, dimension 
at most dimFj — i. 

Proof. For j = 1, . . . ,n, let qj be the prime ideal of A such that F^ = V{qj). If qj 
contains J for all j < n, we set g^ := fi for all z = 1, . . . , 5, and the lemma is proved. 
Suppose that for some j, qj does not contain J. Upon renumbering if necessary, assume 
that the ideals qi, . . . , do not contain J, and qm+i, • • • , qn contain J. The lemma is 
proved if we can prove it for the sets Fi, . . . , F^- We may thus assume that none of 
the Fj's is contained in C or, in other words, that none of the q^-'s contain J. 

We proceed by induction on 6. When 5 = 1, we find that fiA + J^ ^ q^ for all j < n. 
Then there exists Oi G such that gi := /i + Oi ^ ^i<j<n(\j ([9j, Lemma 1.2.2 or [25] . 
Theorem 124, page 90). Suppose that 9 is an irreducible component of Tj fl ^^(5^1). 
Then has codimension 1 in Tj and dim B < dim Tj r\V{gi) < dim F^ — 1, since A/ qj 
is a domain, and gi ^ q^. 

If (5 > 2, we apply the induction hypothesis to the sequence fi, ■ ■ ■ , fs^i to obtain 
the desired gi, ■ ■ ■ ,g5-i- We then apply the case 5 = 1 to the ring A/{gi, . . . ,gs-i), 
the ideal J/{gi, ■ ■ ■ ,g5-i), the image of fs in A/{gi, . . . ,gs-i), and to the irreducible 
components of the Tj fl V{gi, . . . , gs-i)^s which are not contained in C. We find then an 

element gs in f5 + {J/{gi, ■ ■ • which we lift to g'^ = fs + giai^ l-gs-io-s^i+j 

with j G and Oj G A. Since the desired property is now achieved for the irreducible 
components of Tj fl V{gi, . . . ,gs-i,gs) not contained in C, we find that the sequence 
gi, . . . , gs^i, gs, with gs := fs + j, satisfies the conclusion of the lemma. □ 

Lemma 2.6. Let A be a noetherian local ring. Let I be a proper ideal of A generated 
by a regular sequence fi, . . . , fd. Let gi, . . . , gd & I . If the image of {gi, . . . , gd} in I/P 
is a basis of I/P over A/I, then gi, . . . ,gd is a regular sequence. 

Proof. This is well-known, and follows from the equivalence between quasi-regular se- 
quences and regular sequences in noetherian local rings (PTJ, 15. B, Theorem 27). □ 

Remark 2.7 We note that the cycle C in Proposition 12.41 (1) is in the same graded 
component of Z{U) as C, for every catenary grading on U. Note also that it may 
happen in 12.41 (1) that the cycle C is the trivial cycle, with empty support. Indeed, 
consider the case where [/ — )■ S* is a finite morphism. According to 12.41 (1). the support 
of C does not meet C, and for any closed point s E S, Supp(C") does not contain any 
point in Us \ C. It follows that Supp(C") does not contain any closed point of U. Since 
U is affine, we find that Supp(C") is empty. 
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We now modify Example 11.31 to produce an example to show that the statement 
of Proposition 12.41 (2) does not hold in general if 5* is not assumed to be universally 
catenary. Indeed, with the notation as in Example 11.31 let c? > 1, let Y' be the 
semi-localization of Y at {yo,yi}, and let X' the pinching of Y' (that is, the scheme 
obtained by identifying i/q and yi in Y'). Let again vr denote the natural finite morphism 
Y' — )■ X'. Then the cycle [yi] is rationally trivial on Y', but the cycle '/r*([?/i]) is not 
rationally trivial on X'. For the desired example where the statement of Proposition 
12.41 (2) does not hold, we take S and Y to be X', U to be Y', and C to be {yi}- 

3. Inductive limits of l.c.i. algebras 

We prove in this section a technical statement needed when considering base schemes 
5* which are not excellent, as in the proof of 12.31 or of 6.2 in |22] . 

Lemma 3.1. Let (i?, (vr)) be a discrete valuation ring with field of fractions K of 
characteristic p > 0. Let L/K be a purely inseparable extension of degree p, and let Rl 
be the integral closure of R in L. Then there exists a sequence {an)nm* with an G Rl 
and L = K{an), such that the R-algebras Bn := R[an] are finite and local complete 
intersections over R, and Rl = UnBn- 

Proof. Recall that since [L : K] = p, Rl is also a discrete valuation ring, with maximal 
ideal m, and either em/(^)/n,/(^) = 1 and Rl is not a finitely generated i?-module, or 
em/(7r)/m/(7r) = P and Rl is a finitely generated i?-module (see [6], VI. 8. 5, Theorem 2). 
Moreover, if em./{n) = P and s G m \ m^, then Rl = R[s]. If fm/{n) = P and s G Rl 
reduces modulo m to a t such that -Rl/iti = (i?/(7r))(t), then Rl = R[s]. 

The lemma is thus completely proved in the case where Rl is a finitely generated 
i?-module by setting _B„ = Rl for all n. When em/{n)fm/{Tr) = 1, we can embed Rl into 
the completion of of i? with respect to (vr). Since [L : K] = p, we can choose a G Rl 
such that L = K{a). For any n > 1, we can approximate the element a by an element 
Tn G R, such that a = r„ + vr^an for some a„ G Rl- Let Bn := -R[a„]. Then {Bn)n>i 
is an increasing sequence of finite l.c.i. algebras over R, and L = K{an) for all n. 

It remains to show that Rl = U„,-B„. Let b G Rl- Then b = X]j=o ^jO^"') with tj G K 
for j = 0, . . . ,p — 1. Replacing a by r„ + n^an, we see that for n > maxj>i | ord^(tj)|, 
we can write 6 = c„ + /3„ with c„ = J^j'^j^i, ^ ^ /3„ G -R[an]- It follows that 
On E Rl and, hence, Cn E R = K n Rl- Therefore, b G -R[a;„]. □ 

Proposition 3.2. Let A be a Dedekind domain, with field of fractions K. Let B be an 
integral domain containing A, and with field of fractions L. Assume that B is finite 
over A. Then there exists a domain C with B (1 C L such that C is finite over A, 
and a local complete intersection over A. 

Proof. Let Kgep be the separable closure of i^' in L and let i?sep be the integral closure 
of A in Ksep- Then B^^p is a Dedekind domain finite over A. Let B' be the sub-A- 
algebra of L generated by B and -Bsep- Then it is finite over -Bgep- If we can find C 
containing B', finite and l.c.i. over B^ep, then C contains B and is finite and l.c.i. over 
A. Therefore, it is enough to treat the case when K = Ksep- We thus assume now that 
L is purely inseparable over K, and we prove the proposition by induction on [L : K]. 
The case [L : K] = 1 is trivial. Suppose [L : K] > 1 and that the proposition is true 
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for any Dedekind domain A' and for any purely inseparable extension L' of Frac(y4') 
of degree strictly less than [L : K]. 

We will construct C as the global sections of a coherent sheaf of A-algebras C over 
Spec A. Let L' be a subextension of L of index p. Consider the sub-A-algebra BdL' of 
L'. It is finite over A because B is finite over A. By induction hypothesis, it is contained 
in a finite l.c.i. A-algebra B' C L'. Let a G -B be such that L = L'[a]. We claim that 
B'[a] is l.c.i. over B', so that B'[a] is a finite l.c.i. A-algebra. Indeed, the minimal 
polynomial of a over L' is — E B'[x], since by hypothesis, E L' D B C B' . 
Therefore, the map B'[x]/{xP — a^) — )■ B'[a] is an isomorphism. 

As B'[a] and B are both finite over A and have the same field of fractions, there 
exists f E A \ {0} such that B'[a]f = Bf (where as usual Bj denotes the localization 
of B with respect to the multiplicative set {1, /, . . . }). The algebra Bf is finite and 
l.c.i. over Af, and we define C{D{f)) to be Bf. 

Let now p be any maximal ideal of A, and let q be the unique maximal ideal of 
B lying over p. Let us show that B^ is contained in some finite l.c.i. Ap-algebra Cp 
contained in L. First, note that the localization of B at the multiplicative set A \ p is 
equal in L to B^, because x^^'^^ E A\p for all x E B\q. In particular, B^ is finite over 
Ap. Write B, = Y: i<i<r ^i^p5 with hi E B. Let R be the integral closure of Ap in L' . It 
follows from Lemma [3. II that there exists a E L, integral over R with L = L'{a), and 
such that bi E R[a] for all i < r. Then there also exists a finite sub-Ap-algebra D of 
L', with E D and bi E D[a] for all i < r, and such that Frac(D) = L'. Apply now 
the induction hypothesis to the extension Ap O D: there exists D (1 E (1 R such that 
E is finite and l.c.i. over Ap. Set Cp := E[a]. We have Frac(Cp) = L'[a] = L. Since 
E D, the minimal polynomial of a over L' is in D[x]. As earlier, we find that E[a] 
is l.c.i. over E and, therefore, also over Ap. 

Write SpecA = D{f) U {pi, . . . ,ps}. For each i = 1, . . . , s, there exists an open 
neighborhood Ui of pj with Ui \ {pi} C D{f), and a finite sub-0(?7j)-algebra Ci of L 
such that Ci ^o(u,) ^p, = Cp,. and 

a ®om 0{U, \ {pi}) = Bf 0{U, \ {p,}). 

We then can glue the sheaves (Cj)~/;7- and the sheaf {Bf)^ /]j(^f^ into a coherent sheaf C 
of A-algebras. The global sections C := C{SpecA) is a finite sub-A-algebra of L which 
contains B and is l.c.i. by construction. □ 

4. Hilbert-Samuel multiplicities 

Let {A, m) be a noetherian local ring. Let Q be an m-primary ideal of A (equivalently, 
Q is a proper ideal of A containing some power of m). Let M be a non-zero finitely 
generated A-module. Recall that there exists a polynomial /q(x) E Q[x] such that for 
all n large enough, fqin) = iA{M/Q^M). This polynomial has degree d = dimM := 
diml^(Ann(M)). 

The Hilbert-Samuel multiplicity e{Q,M) is the coefficient of x"^ in fqlx) multiplied 
by d\. When there is no need to specify the ring A, we may write e{Q,A) simply as 
e{Q). The integer e{A) := e{xn,A) is called the Hilbert-Samuel multiphcity of A. If A 
is regular, then e{A) = 1. 

We prove in Proposition 14.91 below that the Hilbert-Samuel multiplicity e{Q, M) can 
be expressed in terms of Hilbert-Samuel multiplicities e((f), M) of ideals generated by 
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strict systems of parameters. This result is a key ingredient in the proof of the main 
result of this section, Theorem 14.51 A more global geometric version of Theorem 14.51 is 
given in the Generic Moving Lemma [6.51 

4.1 Let {A,m) be a noetherian local ring. An ordered sequence f = {/i, . . . , fr} of 
r > 1 elements of m is said to be strictly secant if /i does not belong to any minimal 
prime ideal of A and if, for all i e {2, . . . , r}, fi does not belong to any minimal prime 
ideal over (/i, . . . , fi-i). The sequence f is called a strict system of parameters of A if 
r = dim A. In general, the property of being strictly secant depends on the order of 
the fiS. 

A sequence {/i, . . . , fr} of m is called secant if dim . . . , fr) = dim A — r (jT], 

VIII. 26, Definition 1). The sequence {/i} is secant if and only fi does not belong to 
any minimal prime ideal p of A such that dimA/p = dim A ([7], VIII. 27, Proposition 
3). By induction, one sees that a strictly secant sequence is secant. 

In a noetherian local ring {A, m) of dimension d, a system of parameters of A is a 
system /i, . . . , of elements of m such that the ideal (/i, . . . , fd) contains a power of 
m or, equivalently, such that the A-module A/ {fi, . . . , fa) has finite length. Since 
a strict system of parameters f = {/i,...,/^} is a secant sequence, we find that 
dim A/ (/i, . . . , fd) = dim A — d = 0, and f is a system of parameters. 

4.2 Recall that any ideal in m generated by i elements has height at most i. It follows 
that a sequence {/i, . . . , /^j is strictly secant if and only if for all i < r, all minimal 
prime ideals over (/i, . . . , /j) have height i. 

Lemma 4.3. Let {A, m) be a noetherian catenary equidimensional local ring. Then a 
secant sequence (resp. a system of parameters) is strictly secant (resp. a strict system 
of parameters) . 

Proof. Let / G A be such that dim. A/ f A = dim A — 1. Since A is equidimensional, 
/ does not belong to any minimal prime ideal of A and, thus, the sequence {/} is 
strictly secant. The quotient A/{f) is catenary since A is. We claim that A/fA is 
also equidimensional. Indeed, let q be any minimal prime ideal of A over (/) and let 
p be a minimal prime ideal of A contained in q. By KruU's principal ideal theorem, 
ht(q/p) = 1. Hence, since A is catenary, ht(m/q) = ht(m/p) — ht(q/p) = dim A — 1 for 
any minimal prime q/(/) of A/{f). Therefore, A/{f) is equidimensional. 

Let now f := {/i, . . . , /r} be a secant sequence for A. If r = 1, then f is strictly 
secant. If r > 1, then {/2, . . . , fr} is secant for A/{fi) and, by induction, strictly secant 
for A/{fi). Then f is strictly secant for A. □ 

Lemma 4.4. Let {A, m) be a noetherian local ring. Let Q be a ra-primary ideal, and let 
I be a proper ideal of A. Let g := {gi, . . . , gr} be a strictly secant sequence of elements 
of {Q + I)/I. Then there exists a strict system of parameters {/i, . . . , fd} in Q such 
that for i < r, the map A — )■ A/ 1 sends fi to gi, and for i > dim A/ 1, fi & I (1 Q . 

Proof. When / = (0), the lemma states that any strictly secant sequence of elements 
of Q can always be completed into a strict system of parameters contained in Q. We 
leave the proof of this fact to the reader. 

Assume that / ^ (0). We first show by induction on r that g can be lifted to a 
strictly secant sequence in Q. Let G Q be a lift of gi. Let pi, . . . , pm be the minimal 
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prime ideals of A. If f[ ^ pi for alH = 1, . . . ,m, then by definition {f[} is a strictly 
secant sequence. 

Suppose now that f[ belongs to some pi, and renumber these minimal primes so 
that there exists mo > such that f[ G pi if and only if i < uiq. Let qi,...,q„ 
be the minimal prime ideals of A over /. If i < mg, then ^ pi (otherwise they 
would be equal, but f[ ^ q^) and Q pi because dim A > r > 1. So for i < mo, 
Q n {y^i<j<rAj) n (nA:>mo+iPfc) is not contained in pi and, therefore, there exists 

Let /i := /i + « € Q. Then {/i} is a strictly secant sequence contained in Q, and /i 
maps to in A/ 1, as desired. 

Let us assume by induction that we can lift {gi, . . . , gr-i\ to a strictly secant sequence 
{/i) • • • ) /r-i} in Q- Let J := (/i, . . . , fr-i)- Apply the case r = 1 to the ring A' := 
A/ J, with the ideals I' := I + J / J and Q' := Q + J/J: the strictly secant sequence 
{gr} in A' /I' lifts to a strictly secant sequence {fr} in Q', and we let fr denote a lift in 
Q of fr- Then {/i, . . . , /r-i, fr} in Q is the desired strictly secant sequence lifting g. 

Now we complete g into a strict system of parameters in {Q + I)/I and lift it to 
a strictly secant sequence in Q (with n := dim A/ 1 > r). It is easy to 

check that m = -y^I (IQ + (/i, . . . , Then the image of I (1 Q in A/(/i, . . . , /„) 
contains a power of the maximal ideal, and we can use the case '/ = (0)' applied to 
the ring A/ (/i, . . . , /„) to find that there exist fn+i, ■ ■ ■ , fd G I H Q whose images in 
A/{fi, . . . , fn) form a strict system of parameters. Then {/i, . . . , f^} is a strict system 
of parameters of A as desired. □ 

The following theorem, whose proof relies heavily on Proposition 14. 9^ is the main 
result of this section. We use Theorem 14.51 to prove the Generic Moving Lemma 16. 5^ 
which in turn is used to prove Theorem 18.21 

Theorem 4.5. Let {A,m.) be a noetherian local ring of dimension d>l, and let Q he 
a m-primary ideal of A. Let F be a closed subset of Spec A with dimF < d. Then there 
exist integral closed subschemes Ci, . . . , C„ of Spec A, of dimension 1, and invertible 
rational functions ipi G k{Ci)* such that: 

(i) IfF^^, then for alii <n, dnF = {m}. 

(ii) e(Q) = Ei<»<„ordc,(<^i). 

In particular, e{Q)[xn] is rationally trivial on Spec A. 

We will need the following two facts. 

4.6 Let {A,xn) be a noetherian local ring, let Q be a m-primary ideal of A. Let 
pi, . . . ,pt be the minimal prime ideals of A such that dim A/pj = dim A. Then 

e{Q,A) = J2 iiA,MiQ + P^)/P^.A/p,) 

l<i<t 

([7], VIII, §7, n° 1, Proposition 3). In particular, e{A) = Ei<i<t ^(A«)e(^/Pi)- 

4.7 (Associative Law for Multiplicities.) Let (A, nx) be a noetherian local ring of 
dimension d. Let fi, . . . , fd be a system of parameters. Denote by f the sequence 
fi, . . . , fd and by (f) the ideal generated by the /j's. Fix s < d. Let pi, . . . ,pt be the 
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minimal prime ideals of A over (/i, . . . , fs) such that ht(pj) = s and dim A/ pi = d — s. 
(When s = 0, we interpret (/i, . . . , fg) to be the ideal (0).) Then 

t 

e((f), A) = J2 • • • , fs)Ap^, A,Mifs+i, ■ ■ ■ , fa) + P^/p^, A/p^) 

1=1 

(see p], or P], Theorem 18, page 342, or [27] (1.8), or [42], exer. 14.6, page 115). 

4.8 Proof of \4 ■ 5\ It suffices to prove the theorem when F ^ ^. Let J be a proper ideal 
of A such that F = V{I). By hypothesis, r := dimF < d := dim A. 

Proposition 14.91 (1) shows that the multiplicity e{Q) can be expressed in terms of 
the multiplicity of ideals generated by (strict) systems of parameters. Thus, we are 
reduced to proving the theorem in the case Q is generated by a system of parameters. 

Proposition 14.91 (2) shows that it is enough to consider the case where Q is generated 
by a strict system of parameters f = {/i, . . . , f^} of A such that, when r > 1, the 
image of {/i, . . . , fr} in A/I is a. strict system of parameters of A/L Let pi, ... ,pt be 
the minimal prime ideals of A over (/i, . . . , fd-i) of height d — 1 with dim A/pj = 1. 
The formula in 14.71 gives 

e{Q,A) = J2 die{fdA,A/pi), 

l<i<t 

with di := e{{fi,...,fd-i)Ap^,ApJ. As A/pi is integral, e{fdA,A/pi) = ordA/p,(/d) 
where ordA/pXfd) denotes the order of the image of fd in A/pi. Let Q := V{pi), 
1 < i <t, and let (pi := fd'ld- Then 

e{Q,A) = oidcX^i), 

l<i<t 

as desired. When dimF = r > 0, dim A/(/, /i, . . . , /,,) = by construction. Thus, 
dim(Cj n F) = dimV{I + pi) = for all i = 1, . . . ,t. That e{Q)[m\ is rationally 
equivalent to follows immediately from the definition recalled at the beginning of 
section [T] □ 

Part (3) of our next proposition is a slight strengthening of a well-known theorem 
([9], Corollary 4.5.10, or [56j, VIII, §10, Theorem 22 when M = A). Parts (1) and (2) 
are used in 14. 5[ and Part (4) will be used in 15.21 

Proposition 4.9. Let {A, m) be a noetherian local ring and let M he a non- zero finitely 
generated A-module. Let Q he an m-primary ideal of A. 

(1) There exist finitely many strict systems of parameters f",a; G A, contained in Q, 
such that e{Q,M) = ±e((P), M). 

(2) Fix a proper ideal I of A with AnnA(M) C /. Let r := dimV"(J). When r > 0, 
we can choose the strict system of parameters {/f , . . . , /dimyi} (1) ■^'^^^ ^^'^^ /^'^ 
each a E A, the image of the sequence {/f , . . . , /"} in A/I forms a strict system 
of parameters in A/I . 

(3) If A/xn is infinite, then e{Q,M) = e((f),M) for some strict system of parameters 
f contained in Q, satisfying, when applicable, the property in (2). 

(4) Let p be a prime ideal of A with ht(p) > 1. Let Qq be a pAp-primary ideal of Ap. 
Then there exist finitely many strictly secant sequences f° m m, a G A, whose 
images in Ap are contained in Qo and such that e{QQ,Ap) = ±e((f"), Ap). 
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Proof. (1) and (2). Let J := AnnA(M). By definition, diniM := dim A/ J. We can 
consider M as an A/J-moduIe. We have eA{Q,M) = ca/jHQ + J)/J,M) because 
JM = 0. Suppose that we can construct strict systems of parameters g" in {Q + 
J)/ J such that ca/jHQ + J)/J,M) is a combination of the eyi/j((g"), M)'s and such 
that the image of {gf, . . . ,g"} in A/ 1 is a strict system of parameters for all a. By 
Lemma \AA\ we can lift each g° and complete it into a strict system of parameters 
P = {/f,...,/d"imA} in Q with ft e J for all i > dimM. Then eA/j((g"),M) = 
eyi((f"),M), and (1) and (2) hold. Therefore, it remains to prove (1) and (2) when 
dim M = dim A. 

Assume that d := dimM = dim A. We proceed by induction on d. If d = 0, then 
a strict system of parameters f for A is empty, and we set f = (0). Then e{Q,M) = 
£{M) = e((0),M), and no additional condition is required in (2) since dim A/I = 0. 

Assume that d > 1. Let P be the set consisting of the minimal prime ideals of A, 
of the associated primes of M, and if dim A/ 1 > 0, of the minimal prime ideals of 
A over /. Our hypotheses imply that if m ^ Ass(M), then m ^ P. Suppose that 
m G Ass(M). Then there exists an exact sequence (0) — )■ M' — )■ M -> M" — > (0) with 
M' isomorphic to A/xn. Since dim(M) > 0, we find that for any m-primary ideal Qq 
of A, e{Qo,M) = e{Qo,M") (^, VIIL46, Prop. 5, or use the prooflof [42j, 14.6). It 
follows that it suffices to prove our statement for modules M with m ^ Ass(M). In 
particular, we can assume that m ^ P. 

We apply Lemma [4.101 with this set P of primes. Pick some s > sq and Xg G Q"^, 
Xg+i G Q'^'^^ as in 14.101 By our choice of P, both {xs} and {x^+i} are strictly secant 
sequences in Q (14. 10( c)). Suppose d = 1. Then e{Q,M) = e{{xs+i), M) — e((xs),M) 
(14. 10( b)). When r = 1, our choice of P shows that the images of {xs} and {xs+i} in 
A/I are again strict systems of parameters in A/I. Hence, (1) and (2) are true when 
d=l. 

Suppose now that d > 2 and that (1) and (2) hold for d — 1. Lemma [4.10( b) shows 
that 

e(Q, M) = e(Q, M/x,+iM) - e(Q, M/x^M). 

Let B := A/xgA. Then dimP = d — 1 and M/xgM is a P-module of dimension 
d — 1 (14.10( a)). Let IB denote the ideal (/ + XsA)/xsA of B. By our choice of 
primes in P, we find that dim V{IB) = max{0, r — 1}. We also have caIQ, M/xgM) = 
esiQB , M / XgM). By induction hypothesis, there exist finitely many strict systems of 
parameters g" in QB with 

e{QB,M/xM) = 5^±e((g°),M/x,M) 

and such that, if dim\^(/P) > 1, the image of g^, . . . in B/IB is a strict system 
of parameters. Let be any lifting of g" in Q. Then {a;s,f"} is a strict system of 
parameters in Q, and the image in A/ 1 of the first r elements of {a;s,f"} is a strict 
system of parameters in A/ 1. By our choice of primes in P, a;^ is not a zero divisor in 



^It should be noted that the definition of e{Q,M) taken in [35], page 107, (or in [53], 11.1.5) is 
different from the definition taken at the beginning of this section and in [7], VIII. 72. Thus the 
statement of [12], 14.6, cannot be apphed directly. 
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M. It follows from ^42], 14.11 tliall 

e((g"), M/xsM) = e((r), M/x,M) = e((x„ P), M). 

Repeating the same argument with Xs+i instead of Xg allows us to express the multiplic- 
ity e{Q, M/xs+iM) in a similar way. Since e{Q, M) = e{Q, M / x s+iM) - e{Q , M/x,M), 
(1) and (2) follow. 

(3) When A/xn is infinite, instead of choosing two elements Xg and Xs+i as we did 
above, Part (3) is proved by modifying the proof of (1) and (2), using only the element 
xi whose existence is asserted in 14.10( d). with e{Q, M) = e{Q, M/xiM). We leave the 
details to the reader. 

(4) Let R be the preimage of Qq in A under the natural map A ^ Ap. Clearly, 
C p. Consider the graded rings 

Gr(A) := ©„>oi?7^"^' and Gr(Ap) := ®n>oQo/Qo''\ 

and the natural homomorphism of graded rings p : Gt{A) — )■ Gr(Ap). Let q'^, . . . , 
be the associated prime ideals of Gr(y4p) not containing Gr_,_(y4p). Then {p~^(qj), j = 
1, . . . , fc} is a set of homogeneous prime ideals of Gr(y4) not containing Gr_|_(A). Let 
qi, . . . , qm be the minimal prime ideals of A. We are going to associate below to each q, 
a homogeneous prime ideal q^ of Gr(y4) which does not contain Gr+(y4). We will then 
apply the Prime Avoidance Lemma [4.111 to the ideal / := Gi+{A) in the ring Gi{A) 
with the set of homogeneous ideals {p~^(qj), j = 1, . . . , A;} U {q^, i = 1, . . . , m). 

For any prime ideal q of A, let q^""" := ©„>o(q n -R")/(q fl -R"+^), which we view 
in a natural way as an ideal in Gi{A). This ideal is homogeneous, but may not be 
prime. We claim that when p ^ q, then \/c^^ does not contain Gr+(A). Indeed, if 
a/ q^°™ contains Gr+(A), then q'^o™ contains a power of Gi+{A). So for some > 0, 
^ ^ p j^ny ^^^^6, modufo q, ^ = R''^\ Since nm>nR"' = (0) = R\ we 
find that i?" C q, and passing to radicals, we find that p C q, a contradiction. Now 
by standard results, \f^^ is homogeneous, and it is the intersection of all the prime 
ideals minimal above it, which are also homogeneous. For each i = 1, . . . , m, we let q^ 
denote one of the minimal prime ideals of \/qf^ that does not contain Gr+(A). 

We conclude from Lemma [4. IH applied to the ideal J := Gr_|_(y4) in the ring Gr(y4) 
with the set of homogeneous ideals {p~^(q^), j = 1, . . . , fc} U {q^, i = 1, . . . , m}, that 
there exists sq > such that, for all s > sq, there exists Xs G R'^ whose class in R'^ / R^^^ 
does not belong to Ujp~^(q^) U (Ujqi). In particular, Xs ^ qi for alH = 1, . . . , m, which 
by definition implies that {xs} is strictly secant in A. Moreover, let ^ denote the image 
of Xs in Qq/Qq"*"^. Then, by construction, ^ ^ q^-, for all j = 1, . . . , k. 

As in l4.10[ we use this latter fact to be able to apply [7], VIII. 79, Prop. 9 and Lemma 
3, to verify a hypothesis needed in [7], VIII. 77, Prop. 8.b). It follows immediately from 
VIII. 77, Prop. 8.b), (i) and (ii), because ht(p) > 1, that 

,,(n A \ - I e{Qo,AJxsAp) if dimAp > 2, 



Due to the two different definitions of e{Q,M), the proof of 14.11, needs to be slightly 
adjusted to prove the second equality. 
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(b) se{Q,M) 



We can now prove (4) when ht(p) = 1. Fix s > sq as above, and consider Xg and 
Xg^i. We find that 

e(Qo, A) = ei{xs+i), Ap) - e{{xs), A^), 
with both {xs} and {aj^+i} strictly secant in A, as desired. When ht(p) > 2, we proceed 
by induction on ht(p). Since {xg} is strictly secant in A, it is secant in Ap, so that 
dimy4p/(xs) = ht(p/(xs)) = ht(p) — 1. Let B := A/{xs). We apply the induction 
hypothesis to the ring B, prime ideal pB and mi?-primary ideal QqB. The details are 
left to the reader. □ 

Lemma 4.10. Let {A,m) be a noetherian local ring. Let Q he a proper ideal of A. Let 
M he a finitely generated A-module with dimM > 1 and M/QM of finite length. Let 
P he a finite set of prime ideals of A with m ^ P. Then there exists sq > 1 such that 
for all s > Sq, there exists Xg G with the following properties: 
(a) dim{M/xsM) = diniM - 1. 

e{Q,M/xsM) if dimM > 2, and 
elxsA,M) if dimM = 1. 

(c) Xs for every p G P. 

(d) IfA/xn is infinite, then there exists an element xi G Q\Q'^ with the ahove properties. 

Proof. Consider the graded ring Gi{A) := ®n>oQ^ / Q^^^ ■ For any A-module A^, the 
group Gr(A^) := ®n>oQ"'N/Q^~^^N is a Gr(y4)-module in a natural way. Consider 
then the Gr(y4)-graded module L := Gr(M) © (©pgp Gr(y4/p)). Let pi,...,pr- be the 
associated prime ideals of L not containing Gr^{A). These are homogeneous ideals of 
Gt{A) (pi], (10. B)). By Lemma applied to J = Gr+(A), there exists Sq > 1 such 
that for all s > Sq, Gts{A) is not contained in Ujpj. 

For s > Sq, let Xg G Q'^ whose class ^ in Gys{A) does not belong to Ujpi. Let 
: L — )■ L be the multiplication-by-,^ map. By [7j, V11I.79, Prop. 9 and Lemma 3, 
Keiif has finite length over Gt{A) and, hence, over A/Q. This is one of the hypotheses 
needed to now apply [7], VIII. 77, Prop. 8.b). Moreover, our hypothesis that m ^ P 
shows that dimA/p > 1 for all p G P. Since we also assumed that dimM > 1, we 
can now use [7], VIII. 77, Prop. 8.b), to obtain that dim M/x^M = dimM — 1 (proving 
(a)), and for each p G P, dim{A/{xs,p)) = dim(A/p) — 1. In particular, it follows that 
Xg ^ p, proving (c). Part (b) follows immediately from VIII. 77, Prop. 8.b), (i) and (ii). 
Remarque 4) on |7j, VIII. 79, shows that when A/xn is infinite, we can apply the above 
proof to an element Xi E Q \ Q'^ . □ 

The following Prime Avoidance Lemma for graded rings is needed in the proofs of 
14.91 and I4.10[ (For related statements, see [53], Theorem A. 1.2., or [6J, III, 1.4, Prop. 
8, page 161.) 

Lemma 4.11. Let B = (Bs>oBs he a graded ring. Let pi, . . . , p^ he homogeneous prime 
ideals of B not containing Bi. Let I = ©s>o-^s be a homogeneous ideal such that I ^ pi 
for all i < r. Then there exists an integer Sq > 1 such that for all s > Sq, Is 2 ^i<i<rpi- 

Proof. We proceed by induction on r. If r = 1, choose t G Pi \ pi and a homogeneous 
element a G / \ pi, say of degree Sq. Then t'^~'^°a G \ pi for all s > Sq, as desired. 
Let r > 2 and suppose that the lemma is true for r — 1. We can suppose that pi is 
not contained in p^ for all i 7^ r, so that Jpi ■ ■ -pr-i ^ pr- Similarly, we can suppose 
that pr- is not contained in pj for all i 7^ r, so that Ipr ^ (pi U . . . U pr-i). Hence, 
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we can apply the case r = 1 and the induction hypothesis to obtain that there exists 
So such that for all s > Sq, there are homogeneous elements fs G /pi ■ ■ -pr-i \ Pr and 
Qs G Ipr \ (pi U . . . U pr-i) of degree s. It is easy to check that fg + gs^hX Ui<i<rpi, 
as desired. □ 

Example 4.12 Let [A, m) be a noetherian local ring, and let Q be an m-primary ideal 
of A. Proposition 14.91 (3), states that when A/xn is infinite, there exists a system of 
parameters f contained in Q such that e{Q, A) = e((f). A)). We show below that when 
A/m is finite, such a system of parameters f contained in Q may not exist. 

Consider the ring A := ¥2[[x,y]]/{xy{x + y)), with m = {x,y). It is clear that 
e(m. A) = 3. Since this ring has dimension 1, the multiplicity e((/). A) is equal to the 
length of A/{f). It is shown in [25], 3.2, that there exists no regular element / G m 
such that C (/). This implies that A/{f) cannot have length 3. 

Note that in the ring B := ¥i[[x,y]]/ {xy{x + y)), the element z := x — ty, with 
t G F4 \ F2, is such that B/{z) has length 3. 



5. Two LOCAL INVARIANTS 

Let [A, m) be a noetherian local ring of positive dimension. We introduce in this 
section two new invariants of A, 7(A) in 15. ![ and n{A) in 15.41 We show in Theorem 
15.61 below that n{A) = 7(^4) when A satisfies some natural hypotheses such as being 
reduced, excellent, and equidimensional. In I7.3[ we will relate n{A) to a resolution of 
singularities Y — > Spec A when A is universally catenary. 

5.1 Let (v4, m) be a noetherian local ring. Consider the set S of all Hilbert-Samuel 
multiplicities e{Q,A), for all m-primary ideals Q of A. Let 7(^4) denote the greatest 
common divisor of the elements of £. Clearly, 7(A) divides e(m). 

Proposition 14.91 (1) shows that the greatest common divisor of the integers e((5), 
taken only over the subset of all ideals Q generated by strict systems of parameters, 
is equal to 7(A). Theorem 14.51 implies that 7(A) [m] is rationally equivalent to zero in 
Spec A. It is obvious that 7(A) = 1 when A is regular. When dim A = 0, it follows 
from the definitions that 7(A) = Ia{A). 

Let d := dim A > 1, and let U C Spec A be any dense open subset. Fix d' G [0, d — 1] , 
and let 

U{d') := {p G f/ I ht(p) = d\ dim(A/p) = d- d'}. 

Let 

g{U) := gcd {7(A)7(^/P)}- 

If y C t/ is another dense open subset, then g{U) divides giV). When d' = 0, it follows 
immediately from 14.6] and the definitions that g{U) divides 7(^4). We generalize this 
statement in our next proposition; the case d' = d — 1 will be used in the proof of 
Theorem 15.61 

Proposition 5.2. Let {A,m.) be a noetherian local ring of dimension d > 1, and let 
U C SpecA he any dense open subset. Fix d' G [0,(i — 1]. Then U{d') ^ and 



7(A) = gcd {7(A/p)7(Ap)}. 

peu{d') 
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Proof. Let us first prove that g{U) divides 'y{A). As mentioned above, the case d' = 
follows from 14.6^ so we now assume that d' > 1. It suffices to prove the divisibility 
for any open dense V U, so shrinking U if necessary, we can suppose that the 
complement V{I) of U in Spec A has dimension d — 1. Moreover, ht(/) > since U is 
dense. 

Let f = /i, . . . , /rf be any strict system of parameters of A such that /i, . . . , fa-i in- 
duces a strict system of parameters of A/ 1 (14.41) . In particular, the image of {fi, fd'} 
in A/ 1 is strictly secant. Therefore, any minimal prime ideal of A over (/i, . . . , /^z) 
has height d', and any minimal prime ideal of A/ 1 over the ideal J + (/i, . . . , /^z)// has 
height d' (14.21) . Let p be a minimal prime ideal of A over {fi, . . . , f^'). Then p G t/, 
since otherwise, / C p and d' = ht(p) > ht(p//) + ht(/) = d' + ht(/) > d'. Since 
dimy4/(/i, . . . , fd') = d — d', there exists such a p with dimA/p = d — d', and then 
p e U{d'). Using 1121 we find that g{U) divides e{{f),A). Hence, Proposition HJ] (2) 
implies that g{U) divides 7(^4). 

Let us now prove that 7(A) divides g{U). It suffices to prove this divisibility when 
U = Spec A. We start with the case d' = rf— 1. Fix p G f/((i — 1), so that ht(p) = d — 1, 
and dimA/p = 1. We need to show that 7(A) divides 'j{Ap)'y{A/p). Proposition 14.91 
(1) shows that 7(y4/p) is equal to the greatest common divisor of the integers ordA/p(0), 
where G Frac(yl/p)*. When d = 1, then 7(Ap) = i{Ap). (Recall the convention in 14.71 
that if = 1, then e((/i, . . . , fa-i), A^) = i{Ap).) Then when d>l, Proposition |13];4) 
shows that 7(Ap) can be computed as the greatest common divisor of the integers 
e((/i, . . . , fd-i), Ap), where fi, ■ ■ ■ , fd-i is a strictly secant sequence in p. Therefore, it 
is enough to show that 7(A) divides ordA/p(0)e((f'), Ap) for all G Frac(y4/p)* and for 
all strictly secant sequences f = /i, . . . , fd-i contained in p. 

Fix G Frac(A/p)* and a strictly secant sequence f = fi, . . . , fd-i contained in 
p. By construction, pi := p is a minimal prime ideal of A over (f). Let p2, . . . ,pm 
denote the other minimal primes over (f). Use the isomorphism FTac{A/ ^y(f^) — )■ 

(Bi Frac(A/pj) to find an invertible rational function 0' G Frac(y4/ \/Ji^) which restricts 
to in Frac(y4/p) and to 1 in Frac(74/pj) for all i > 2. Let a, 6 G m\Ui>ipj be such that 
a/b maps to 0' in Frac(A/ a/ {¥'))■ The sequences {f ', a} and {f',b} are strict systems 
of parameters in m. Then 14.71 gives 

ei{r,a),A) = Y,ei{f'),ApJoTdA/pAa), 

where the sum is over the indices i such that dimA/pj = 1. We proceed similarly for 
b to find that 

e((f', a), A)- e((f', b),A)= ord^/p(0)e((f'), Ap), 

because a = 6 in A/pi if i > 2. Hence, 7(^4) divides ord^/p(0)e((f'), Ap) and the 
proposition is proved when d' = d — 1. 

The proposition is now true when d = 1. Suppose that d > 2, and proceed by 
induction on d. Fix d' < d — 2. We showed above that {Spec A)[d') 7^ 0, so let p G 
(SpecA)(rf'), with ht(p) = d\ and dimA/p = d-d'. Since {Spec A/p){d - d' - 1) 7^ 0, 
let q ^ p be any prime ideal of A such that ht(q/p) = d — d' — 1 and dim A/q = 1. It 
follows that ht(q) = c? — 1, so that we obtain from the above considerations that 



7(A) divides -^{A/ q)'^{A^). 
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Since diniAq = — 1, we can apply the induction hypothesis to A^; consider the ideal 
py4q, with ht(py4q) = d' and dimAq/pAq) = (dimAq) - d'. It follows that 

7(Aq) divides 7(Aq/pAq)7((Aq)p^J. 

Let B := A/p and q := qB. With this notation, the above two divisibility conditions 
give 

7(A) divides 7(5/q)7(5q)7(Ap). 

Varying q in (Spec i?) (dim 5 — 1), and using the case d' = d—1 established above, we 
get that 7(5) = gcdq 7(5/q)7(5q), so that 7(A) divides 'y{B)'y{Ap). Since B = A/p, 
the result follows. □ 

5.3 Recall that the generic point of an irreducible component of a closed subset F of 
a scheme X is called a maximal point of F. For convenience in the statement of our 
next definition, we denote by max(F) the set of the maximal points of F. 

Let {A, m) be a noetherian local ring of positive dimension. Let U be any dense open 
subset of Spec A. Denote by Xq the unique closed point of Spec A. Let Afu denote the 
set of all integers n occurring as the order oid^g^f) of some rational function / e /C^(C) 
on any reduced closed curve C in Spec A with max(C) C U. 

We claim that Nu is in fact an ideal in Z. Indeed, suppose that for a given open 
subset U in Spec A, there exist reduced closed one-dimensional subschemes C and C 
in Spec A, and / G /C^(C), /' e /C^,(C"), such that max(C) C U, max((:7') C [/, 
and n = oYdx^if), n' = oidxoif')- Let us use II. (1) and (2), to build functions on 
C U C. First extend / to a function F on C U C , with F = 1 on every component of 
C which is not a component of C. Similarly, extend g to G on C U C , with G = 1 
on every component of C which is not a component of C'. Then F'^G^ is such that 
oTd^,{F''G'') = an + bn' e Afu- 

Denote by n{U,A), or n{U, Spec A), the greatest common divisor of the positive el- 
ements of Afu- Clearly, if V C ?7 is dense and open in Spec A, then n{U,A) divides 
n{V,A). 

5.4 Let y4 be a noetherian local ring of positive dimension as above. Consider the ideal 
Af := HuAfu, where U runs through all dense open subsets of Spec A. Theorem 14.51 
immediately implies that Af ^ (0). Let n{A) denote the greatest common divisor of 
the positive elements of Af. The integer n{A) is the positive generator of the ideal Af. 
When dim A = 0, we let n{A) := 1. 

By definition, n{U,A) divides n{A) for any dense open subset U of Spec A. In fact, 
n{A) is the smallest positive integer n such that, for every dense open set U of Spec A, 
there exists a reduced closed curve C in Spec A with max(C) C U and a rational 
function / G }C^{C) such that n = orda;(,(/). In view of Theorems 14.51 and 16. 4[ we call 
n{A) the moving multiplicity of A. 

Lemma 5.5. Let A be a noetherian local ring of positive dimension. There exists a 
dense open subset Uq 0/ Spec A such that n{Uo,A) = n{A). In particular, for all dense 
open subsets V contained in Uq, n{V,A) = n{A). 



Proof. Since the ring Z/A/" is Artinian, we can find finitely many dense open sets Ui 
such that Af = HiAfui. We let Uq := HiUi. □ 
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Theorem 14.51 motivated our definition of n{A). It follows from this theorem that 
n{A) divides e{Q) for all m-primary ideals Q of A. Hence, 

n{A) divides 7(A). 

In particular, if A is regular, then n{A) = 1, but the converse is false. We now 
show that under some natural hypotheses, such as A being reduced, excellent, and 
equidimensional of positive dimension, then n{A) = 7(A) (see also I7.12| . 

Theorem 5.6. Let A be a noetherian equidimensional local ring of positive dimension. 
Suppose that A is catenary and the regular locus 0/ Spec A contains a dense open subset 
o/SpecA. Then n{A) = '-j{A). 

Proof. It suffices to show that 7(^4) divides n{A). Let U be any dense open subset of 
the regular locus of Spec A. By hypothesis, there exist a reduced curve C in Spec A 
with max(C) C U and / G /C^(C) such that n{A) = ord(/). Let Ci, . . . ,Cn be the 
irreducible components of C. Each Ci corresponds to a prime ideal pi of A. Since 
the generic point of Ci belongs to U, Ap. is regular, so that 7(ApJ = 1. Because A 
is catenary and equidimensional, we find that ht(pj) = dim A — 1. Proposition 15.21 
implies then that 7(A) divides gcdj(7(y4/pj)). Using [TTT] (1) applied to Oc{C), we find 
that 7(A) divides ord(/) if 7(A) divides ord(/|c.) for each i. Since A/pi is an integral 
domain, ord(5') := i{{A/pi) /{g)) = e{{g), A/pi) for any non-zero g G A/pi. It follows 
from its definition that 'y{A/pi) divides ord(5'). Hence, 7(^) divides n{A). □ 

By construction, n(A) = n{A/ a/O). Let A denote the completion of A with respect to 
its maximal ideal. Then it is clear from the definition that 7(A) = 7(^)- Note however 
that in general, 7(^4) 7^ 'j{A/\/0) and, as we show in our next example, n{A) 7^ n{A) 
in general. 

Example 5.7 There exists a local noetherian domain A of dimension 1 such that its 
completion A has a single non-zero minimal prime ideal ^ = a/ (0), and such that 
j^red ._ ^y/qj ig a discrete valuation ring (see, e.g., [5], (3.0.1)). The ring A satisfies 
the hypotheses of Theorem 15. 6^ so 

n{A) = 7(A) = 7(A) = iiA^hiA'^^') = e{A^), 

while n{A) = n{A''^'^) = 1. Hence, n{A) > n{A). We provide in 17.171 an example of a 
noetherian local ring A with henselization A^ such that n{A) > n{A^). 

6. A GENERIC Moving Lemma 

6.1 We extend to schemes the definition of the moving multiplicity in 15.41 as follows. 
Let X be a noetherian scheme and let Xq G X be a point with dim Ox,xo ^ 1 • Define 

nxixo) := n{Ox,xo)- 

The main result in this section is Theorem 16.41 below, which details one of the most 
useful uses of the invariant nx{xo). 

We start with two preliminary propositions. The first one is proved in |8j, II. 9. 3, for 
affine noetherian schemes. Recall that an FA-scheme A is a scheme such that every 
finite subset of A is contained in an affine open subset of A (12.21) . 
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Proposition 6.2 (Moving Cartier divisors). Let X be a noetherian FA-scheme. 
Let D be a Cartier divisor on X and let be a finite subset of X . Then there exists 
a Cartier divisor D' on X , linearly equivalent to D and such that Supp(Z)') fl J-" = 0. 

Proof. Let be closed points of X such that every point of J-" and of Ass(X) 

speciahzes to some of the Xj's. In particular, for any open subset of X containing 
{xi, Xm}, the natural restriction map lCx{X) — )■ KxiV) is an isomorphism (see [39] . 
7.1.15). 

Let U be an affine open subset containing xi, x^- Recall that by definition, Ox{D) 
is an invertible subsheaf of ICx- The canonical homomorphism 

OxiD)iU) ^ Ox{D)^k{x,) 

is surjective (Chinese Remainder Theorem), so there exists / e H^{U,Ox{D)\u) ^ 
fCxiU) such that for alH = 1, . . . ,m, the image of / in Ox{D) ® k{xi) is a basis. 
Then f^- is a basis of Ox{D)xi for alH = 1, . . . ,m. This implies that there exists an 
open subset V U containing and Ass(X) such that fx is a basis of Ox{D)x for 
all X E V. It follows that / G IC*x{V). Extend f to g E IC*x{X) using the isomorphism 
}Cx{X) — > JCxiV). Then D — div(5f) has support disjoint from J^. □ 

Let X be a noetherian scheme, and let F be a closed subset of X. For convenience, 
we will say that a cycle Z on X generically avoids F if no irreducible cycle occurring 
in Z is contained in F. In particular, no irreducible component of Supp Z is contained 
in F. 

Proposition 6.3. Let X be a noetherian FA-scheme. Let F be a closed subset of X of 
positive codimension in X . Let Xq € X, and j : Spec Ox,xo X be the canonical injec- 
tion. Denote again by xq the closed point of Spec Ox,xo> ^'^^ P' •= Suppose 
that there exist integral closed subschemes Ci,...,Cr of Spec Ox, xo of dimension 1, 
elements fi G k{Ci)* for i = 1, . . . ,r, and an integer n > 1, such that CiD F' = {xq} 
and n[xo] = XlJdiv (/j)] in Z{SpecOx,xo) ■ 

Then the cycle ?t,[{xo}] in Z{X) is rationally equivalent in X to a cycle which gener- 
ically avoids F. More precisely, when xq € F, let Ci be the scheme-theoretic closure of 
j{Ci) in X . Then n[{xo}] is rationally equivalent in UjCj to a cycle Z which generically 
avoids Fn(UjCj), and such that each irreducible cycle occurring in Z is of codimension 
1 in some Ci. 

Proof. Since Ci is the scheme-theoretic closure of j(Cj) in X and CiH F' = {xq}, the 
closed subset Cj is not contained in F. For each i = 1, . . . ,r, there exists by hypothesis 
a function gi G k{Ci)* defined on a dense open subset of Ci, whose stalk in C^i.^o 
fi, and such that [div^;;. (gfj)] = orda;o(/i)[{xo}] + Zi for some cycle Zi on Ci whose 
support does not contain {xq}. To conclude the proof, it is enough to show that for 
alH = 1, . . . ,r, Zi is rationally equivalent on d to a cycle which generically avoids 
F n Ci- Then ?t,[{xo}] is rationally equivalent on X to a cycle which generically avoids 
F, as desired. 

Dropping the subscript i for ease of notation, we are in the following situation. 
On the noetherian integral FA-scheme C, we have a cycle Z, all of whose irreducible 
components are of codimension 1 in C and whose generic points are all contained in a 
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dense open subset U of C. Moreover, Z\ij = [dw{g)]. We claim that Z is rationally 
equivalent on C to a cycle which generically avoids a proper closed subset F (IC oi C. 

Indeed, let J-" be the set of points of F fl C of codimension 1 in C. Let V := 
C \ Supp Z and W := U UV. Then W is open, and Z\w = [D], where D is the 
Cartier divisor on W given by the charts {{U,g), (V, 1)}. By construction, W contains 
all codimension 1 points of C, and so contains J-". Since W is an FA-scheme (12.21 (2)). 
we can use Proposition 16 . 21 to find an invertible rational function / G k{W)* such that 
Supp[D + div(/)] does not meet J-". Let h G fc(C)* be the unique rational function 
on C extending /, and consider Z' := Z + [div{h)]. Then Z'\w = [D + div(/)] and, 
hence, Supp(Z') does not meet J-" either. In other words, the irreducible components of 
Supp(Z') are not contained in F. As Z' only involves irreducible cycles of codimension 
1, it generically avoids F. □ 

Theorem 6.4 (Generic Moving Lemma). Let X be a noetherian FA-scheme. Let 
F be a closed subset of X of positive codimension in X . Let Xq G X , and consider the 
cycle [{xq}] in Z{X). Then nx{x^\{x^\ is rationally equivalent in X to a cycle which 
generically avoids F . 

Proof. The theorem is obvious when xq ^ F. So assume now that xq G -F. Since 
codim(F, X) > 0, none of the irreducible components of F are irreducible components 
of X. Hence, the preimage F' of F under the natural map Spec Ox,xo ~^ ^ has 
dimension smaller than dimOx,xo- particular, dim(9x,a;o ^ I5 cind we can apply 
Lemma 1531 Denote again by Xq the closed point of Spec Ox,xo- Let then Uq be a dense 
open set of SpecCx,xo contained in Spec Cx.xo \ F', and such that n{Uo,Ox,xo) = 
n'{Ox,xo) = iT-xixo) ([S3])- 

We can thus find integral closed subschemes Ci, . . . , of Spec Ox,xo of dimension 1, 
and fi G k{Ci)*, such that CiflF' = {xo} and n[{xo}] = Z]Jdiv(/i)] in Z{Spec Ox,xo), 
with n = nx{xo). The theorem follows from Proposition 16.31 □ 

The proof of Theorem 18 . 2 1 uses only the following version of Theorem 16. 4[ whose proof 
does not require the definition and main properties of the invariant nx{xo) discussed 
in the previous section. 

Theorem 6.5. Let X be a noetherian FA-scheme. Let F be a closed subset of X of 
positive codimension in X . Let Xq G X , and consider the cycle [{xq}] in Z{X). Let Q 
be a mx.io -]3rzmar?/ 'i'deal of Ox,xo- Then e{Q)[{xo}] is rationally equivalent in X to a 
cycle which generically avoids F. 

Proof. The proof of this version is completely analogous to the proof of 16.41 The 
theorem is obvious when xq ^ F. So assume now that Xq G F. Since codim(F, X) > 0, 
none of the irreducible components of F are irreducible components of X. Hence, the 
preimage F' of F under the natural map Spec Ox,xo ~^ ^ has dimension smaller than 
dimCx,xo- In particular, dimCx.xo ^ 1; cind we can apply Theorem 14.51 Denote again 
by Xo the closed point of SpecOx,xo- We can thus find integral closed subschemes 
Ci, . . . ,Cr of SpecOx,xo of dimension 1, and fi G k{Ci)*, such that Ci H F' = {xq} 
and ^^[{a;o}] = X]i[div(/i)] in Z{SpecOx,xo), with n = e{Q). The theorem follows from 
Proposition 16. 3[ □ 
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Remark 6.6 In Theorem 16.4^ a multiple of the cycle [{xq}] can be moved, but in 
general the irreducible cycle [{xq}] itself cannot be moved. Indeed, consider for instance 
the singular projective curve X over R defined by the equation +?/^ = in P^. The 
singular point a;o := (0 : : 1) is the unique rational point of X, and all closed points 
of X \ {xq} are smooth and have degree 2 = [C : M]. Therefore the 0-cycle [xq] cannot 
be rationally equivalent to a 0-cycle with support in X''*'^. 

Corollary 6.7. Let X be a scheme of finite type over a field k. Let U he any dense 
open subset of X. Let xq & X he a closed point. Let Q he a mx,xo-pfi'^0'i^y ideal 
of Ox,xo- Then e{Q) degi.{xo) is the degree of some 0-cycle Z with support in U. If 
in addition X is separated, then Z can he chosen to he rationally equivalent in X to 
e{Q)[xo]- It follows that when X is reduced, then 6{X^^^/k) divides 'y{Ox,xo) ^^Ski^o)- 

Proof. Let V be an affine neighborhood of xq in X. We let V V be an open 
dense immersion of V into a projective variety V. We apply Theorem 16.51 to V and 
the closed subset V \ {U H V) of positive codimension. Then e((5)[a;o] is rationally 
equivalent in ^ to a 0-cycle Z with support in U nV. Since V is projective, we find 
that deg(e(Q)[a;o]) = deg(Z) because any principal divisor on a projective curve over 
k has degree (see, e.g., [39], Corollary 7.3.18). 

Assume now that X is separated. Apply Theorem l6.5l to find a closed curve C in X, a 
function / G k{C)*, and a 0-cycle Z on C\{xo}, such that on C, e{Q)[xo] — Z = [div(/)]. 
Let Ui := C\ Supp Z, and U2 '■= C\ {xq}. Then let D be the Cartier divisor given by 
the pairs (f/i, /) and {U2, 1). By construction, [D] = e{Q)[xQ]. 

Since C is separated, Nagata's Theorem lets us find an open embedding of C into a 
proper curve C over k, and such a curve is known to be also projective. Extend in a 
natural way D to a Cartier divisor D' on C. Let F := X \ U. Using [6l2l we can find 
a Cartier divisor D" linearly equivalent to D' on C and such that Supp(i5") does not 
intersect (C"\C) U (CflF). As above, deg(L'") = deg(-D') since C is a projective curve. 
Since C — )■ C" is an open immersion, we find that D" restricted to C is equivalent to 
D onC. □ 

Let k be any field. An algehraic variety X over k is a scheme of finite type over k 
(not necessarily separated). Let V denote the set of all degrees of closed points of X. 
When X/k is not empty, the index 6{X/k) of X/k is the greatest common divisor of 
the elements of V. 

The following proposition is only slightly more general than [12], page 599, or [TO] . 
Lemma 12. See also [15j, 1.12. 

Proposition 6.8. Let X he a (non necessarily proper) regular non-empty algehraic 
variety over a field k. Then 6{U/k) = 6{X/k) for any dense open suhset U of X . In 
particular, if Xi and X2 are two integral regular algehraic varieties over k which are 
hirational, then 6{Xi/k) = 6{X2/k). 

Proof. Clearly, 6{X/k) divides 5{U/k). Let xq G X be a closed point. Applying 
Corollary 16.71 Xq has same degree as some 0-cycle with support in U. Hence 5{U / K) 
divides deg(xo), so 5{U/K) divides 5{X/K). □ 

Remark 6.9 Let X/k be an integral normal algebraic variety. Let k' be the algebraic 
closure of k in the field of rational functions k{X). As k' /k is finite (hence integral). 
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we have k' C Ox{,X). Therefore, X Spec(A;) factors as X — )• Spec(A;') — Spec(/c). 
We will write X/k' when we regard X as a variety over k' through the morphism 
X Spec(A;'). We have 5{X/k) = [k' : k]6{X/k'). Note that as a variety over k', X is 
geometrically irreducible. 

Let X be any noetherian scheme. Let f/ C X be an open subset. Consider the 
natural map Z{U) — )■ ^(X), which sends an irreducible cycle on U to its Zariski 
closure in X modulo rational equivalence. Denote by ^(X, U) the cokernel of Z{U) — )■ 
^(X). Our next proposition generahzes [5U], Proposition 7.1, where X is assumed to 
be integral and regular, and of finite type over the spectrum of a discrete valuation 
ring. 

Proposition 6.10. Let U be a dense open subset of a noetherian FA-scheme X. 

(1) IfX IS regular, then A{X,U) = (0). 

(2) A{X,U) is a torsion group. Let xq & X be a point with dim(9x,xo — 1- Then the 
class of [{xq}] in the cokernel A{X, U) has order dividing nx{xo), and there exists 
one such open subset U where the order is exactly nx{xQ). 

(3) A{X, U) has finite exponent in the following situations: 

(a) X is (quasi-) excellent. 

(b) There exists a morphism of finite type / : X — )■ S* with S noetherian regular 
and f either open or equidimensional. 

Proof. (1) and (2) are immediate consequences of Theorem 16. 4[ Part (3) results from 
the fact that the set {e{Ox,x) I x G X} is bounded, as discussed in Proposition 16.121 
(3) and Remark 16. 131 below. □ 

Remark 6.11 li V C U are two dense open subsets of an integral scheme X, then 
there is a natural surjective group homomorphism fv,u '■ A{X, V) — > A{X, U). Let O 
denote the set of all dense open subsets U of X, with the relation V < U ii V ^ U . 
Define S{X) to be the inverse limit of the projective system {^(X, Let Xq G X 

be a point with dimOx^xa > 1- Then Proposition 16.101 implies that the class of [{a;o}] 
in S{X) has order nx(xo), and that when X is quasi-excellent, S{X) is a torsion group 
of finite exponent. In particular, since ux^Xq) = 1 when xq is regular, the group S{X) 
is generated by the classes of certain irreducible cycles [{x}] with x singular on X. 

Proposition 6.12. Let f : X ^ S be a morphism of finite type over a noetherian 
scheme S . Then 

(1) X is the union of finitely many open subsets Xi, each endowed with a quasi- finite 
S -morphism fi:Xi^Wi:= such that every x G X belongs to some Xj with 
dima;X/(^) = di. 

(2) Assume that S is irreducible. Suppose in addition that either f is locall'^ equidi- 
mensional and S is universally catenary, or that f is open. Then, with x & Xi as 
in (1), dimCx.x = dm\Ow,j,{x)- 

(3) Suppose that S is regular and that f is either open or locally equidimensional. Then 
the set of multiplicities {e{Ox,x) I x G X} is bounded. 



^See [23] IV.13.2.2, with a correction in [23] (Erriy, 34) on pp. 356-357 of no. 32. 
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Proof. (1) By [23], IV. 13. 3. 1.1, for each x G X, there exists an open neighborhood Ux 
of X and a quasi-finite S'-morphism — )■ A^, where d = dim^. For any integer 

n > 0, let F„ := {x G X I dimxXf(^x) > and = F„ \ By a theorem 

of Chevalley, F„ is closed ([23], IV. 13. 1.3), and F„ = if n > for some no ([23]. 
IV.13.1.7). For all n < no, G„ is quasi-compact and, hence, can be covered by finitely 
many open subsets {Un,j}j belonging to the covering {Ux,x G X}. Since x G X belongs 
to X G for d = dim^Xj(a;), x belongs to some Udj. 

(2) Suppose that x G Xj, with fi : Xi ^ Wi := A^* such that dim^^Xjj^^) = dj. 
Clearly, dim = dimCxj(^),a: + dimC5j(a;). We thus need to show that 

dim Ox, X = dimOxf^^^x + dim05.j(^). 

That this equality holds when / is flat is remarked in [23], IV. 13.2. 12 (i), and proved 
for / open in [23], IV. 14. 2.1. The other case follows from [23], IV.13.3.6. 

(3) Since S is regular, it is the disjoint union of finitely many integral regular schemes, 
and we are reduced to consider the case where 5* is integral. Let /j be as in (1). For every 
i, there exists an open immersion of m : Xj — )■ and a finite morphism Qi : Zi ^ Wi 
with Qi o u = fi (Zariski's Main Theorem [23] IV. 8. 12. 6). Our hypotheses allow us to 
apply (1) and (2), and every x G X belongs to some Xj with dimOx,x = dim Oyi/. 

For such an x, we find that there exists an affine open neighborhood of /j(x) such that 
^Wi{U) injects into Ozi{f^^{U)), since both of these rings have the same dimensions. 
Since Qi is finite, there exists a surjective homomorphism 0'^^_ — (7j^,((9^-). Then, for 
all X G Xj such that dimOx,x = dimOw,j,(x), we have e{Ox,x) < mie{Ow„Mx)), and 
since Wi is regular by hypothesis, €.{Owiji{x)) = 1 (use [5B], VIII, §10, Corollary 1 to 
Theorem 24, along with the discussion (3) following Corollary 1). Therefore, the set of 
the multiphcities e{Ox,x) is bounded by maxj{mj}. □ 

Remark 6.13 Let X be a noetherian excellent scheme of finite dimension. Then only 
a finite number of polynomials appear as Hilbert-Samuel polynomials of Ox,x when x 
varies in X. In particular, the set of the multiplicities {e{Ox,x) \ x G X} is bounded. 
This statement is found in [2], Remark III. 1.3, page 83. Let us explain now how the 
latter conclusion still holds if one only assumes that X is a noetherian quasi-excellent 
scheme. 

Recall that an excellent scheme is a quasi-excellent and universally catenary scheme. 
This latter hypothesis is not needed in [2], Remark III. 1.3: One finds in the discussion 
following [2], II (2.2.1), page 34, that in the use of normal flatness, the needed hypoth- 
esis is that the regular locus of a closed subset F of X is open in Y. This hypothesis 
is satisfied when X is quasi-excellent. 

Let X be a noetherian quasi-excellent scheme. The results of [2] show that the set of 
the multiphcities {e{Ox,x) \ x G X} is bounded, even when X is not assumed to have 
finite dimension. Indeed, first note that there is a finite decreasing sequence of closed 
subsets X = Fq D Fi D . . . D F„ = such that Fj \ Fj+i with the reduced structure 
is regular and X is normally fiat along Fj \ Fj+i. This uses "noetherian induction" 
and one does not need to argue using the finite dimensionality of X as in [2], Remark 
III. 1.3. The relevant statement occurs in [2], page 28, just before Theorem (2): For a 
local noetherian ring O with Hilbert-Samuel function Hq^ (see page 26) and with P a 
prime ideal of coheight c and O / P regular, H^^^ = H^^^^ if and only if Spec O normally 
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flat along Spec(9/P at the closed point. The direction that we need is stated in [2], 
(2.1.2) Chapter 0, page 33. This implies that if a noetherian scheme X is normally 
flat along a connected locally closed regular scheme F, then the multiplicity of Ox,y 
{y E Y) is constant on Y. 

Example 6.14 A noetherian domain A of dimension 1 with the following properties is 
exhibited in |26j, 3.2: Spec A has infinitely many singular maximal ideal trij, i E I, and 
such a domain can be found even when, for each i, the e/^f- numbers at rrij are specified 
in advance (where miB = YVj=\ tXij"*^'''"''' in the integral closure B of A, and /(nij/trii) := 
[B/Uij : A/iTij]). Moreover, for each i, B^- is a finitely generated Am^-module ([2BJ, 3.3). 
Choosing such an example with g{i) = 1 for all i and limj /(Uji/mj) = oo produces an 
example of a noetherian scheme X of dimension 1 such that the set {e{Ox,x) I ^ ^ X} 
is not bounded. Indeed, since A is a domain of dimension 1, there exist non-zero 
elements Oj, h E A such that e(mi. A) = e((aj). A) — e((6j). A) (14.51) . It follows from II. II 
(3) that both e{{ai),A) and e{{bi),A) are divisible by /{nn/mi). 

7. A DIFFERENT PERSPECTIVE ON THE INDEX 

Let X be a noetherian scheme. Let Xq E X he a. point with dim Ox,xo > 1- We study 
in this section the invariant nxixo) introduced in 16. 1[ In particular, let / : F — >■ X 
be a morphism of finite type, and set E := Y Xx Speck{xo). We relate in 17.11 the 
invariant nx{xo) with the index of the scheme E/k{xo). This leads us in Corollary 17.41 
to provide a new way of computing the index of a regular closed subvariety X of a 
projective space using data pertaining only to the singular vertex of a cone over X. 

Theorem 7.1. Let X be a noetherian scheme. Let f : Y ^ X be a morphism of finite 
type such that the generic point of every irreducible component ofY maps to the generic 
point of an irreducible component of X. Let Xq E X be a point with dimOx.xo ^ 1? 
and set E := Y Xx SpecA;(xo). Assume that E 

(a) Assume that f is birational and proper. Then 6{E/k{xo)) divides nx{xo)- 

(b) Assume that f is birational and finite. Then 

gcd{nY{y)[k{y) : k{xo)] \ y E f'^{xo),y closed} divides nx{xo). 

(c) Assume that Ox,xo universally catenary. Then 

nxixo) divides gcd{ny(?/)[/c(?/) : k{xo)] \ y E f'^{xo),y closed}. 

Proof. After the base change SpecOx,xo ~^ "we can suppose that X is local with 
closed point Xq. 

(a) Let us show that 6{E/k{xo)) divides nx{xo). Let U be any dense open subset 
of X such that f^^{U) — i- f/ is an isomorphism. Since U is dense, there exists, by 
definition of n{Ox,xo), a one-dimensional reduced closed subscheme C of X such that 
max(C) C U and a rational function g E ]Cq{C) such that nx{xo)[xo] = [div{g)]. 
Let C be the strict transform of C in Y. Then we have a finite birational morphism 
TT : (7 — 7- C, and 

nx{xo)[xo]= ordy{g)[k{y) : k{xo)][xo] 

y&TT-'^{xo) 

(use 11.11 (3)). As 7r~^(xo) C E, we conclude that 6{E/k{xo)) \ nx{xo). 
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(b) We will proceed as in the proof of (a), after carefully choosing the initial dense 
open subset U of X. First, we may assume that X and Y are affine. Let yi, . . . ,yn 
denote the preimages of Xq. For each i = 1, . . . ,n, choose a dense open subset Vi of 
Y such that n{Vi fl Spec Oy^y-, Oy^yi) = ny{yi) (see 15.51) . Since / is birational, let V C 
Spec 5 be a dense open subset such that f\v is an isomorphism. Then W := {r\iVi)nV is 
a dense open subset ofY, contained in each Vi, and such that n(l^nSpec Oy^y., Oy^y-) = 
ny{yi). We let U := f{W), a dense open subset in X with f^^{U) = by construction. 
As in the proof of (a), we find that 

nx{.Xo)[xQ] = ^ oidy{g)[k{y) : k{xQ)][xQ]. 

i/e7r-l(xo) 

By our choice of W , we find that for each y G 7r^^(a;o), ny{y) divides OTdy{g), and the 
result follows. 

(c) Recall that we assume X = SpecOx,xo- Let yo be a closed point in E. We claim 
that nx{xo) divides ny{yo)[k{yo) : k{xo)]- Let W be an open affine neighborhood of 
yo in Y. Since W is of finite type over the affine scheme X, we can find a projective 
scheme g : Z ^ X and an open embedding i : W ^ Z such that g o i = f^^r. 
Since ny(yo) = nw^yo) = nz{yo), it suffices to prove our claim in the case where / is 
projective. 

Using ESI we may find a dense open subset U oi X which does not contain xq, and 
such that nx{xo) = n{U,Ox,xo)- Let V := f~^{U). Then V is dense in Y. Let s : 
Spec Cy, — 7- y denote the natural morphism, and let V :— s ^{V). Since V is dense 
in SpecOyyy, we can find finitely many closed integral subschemes Ci of SpecCy^j^^ 
with generic points in V , and an invertible rational function g on UjCj such that 
oidy^^{g) = ny(|/o). Since Y is noetherian and FA, we can apply Proposition 16. 31 and find 
that ny{yo)[yo] is rationally equivalent to a cycle ZonY such that max(Supp Z) C V. 
More precisely, there exist finitely many closed integral subschemes Cj in Y such that yo 
has codimension 1 in Cj, such that the generic point of Cj is in V for all i, and such that 
ny{yo)[yo] is rationally equivalent on S := UjCj to a cycle Z with max(Supp C V, 
and such that each irreducible cycle occurring in Z is of codimension 1 in some Cj. 

Let Di denote the schematic image of Ci in X. Then Di is universally catenary. We 
can thus use the dimension formula (see [23], IV.5.6.5.1) for the morphism Ci — ?■ Di, 

diniOc„.o + trdeg(A;(2;o)/A;(xo)) = dimO^^ + trdeg(A;(r/,)/A;(e^)), 

where zq is any closed point of Ci, and rji and denote respectively the generic point 
of Ci and Di. Since dimO^. = 1 by construction, and trdeg(/c(|/o)//c(a;o)) = by 
hypothesis, we find that dimC;^^ ,^.^ = 1 and tTdeg{k{rii)/k{^i)) = 0. It follows that 
dimC^, zo ~ ^ -^0 closed in Ci, so that dim(Ci) = 1. Since xo is the only closed 

point of Di, we find that dim{Di) = 1. Since dim(Cj) = 1, we find that max(Supp Z) 
consists in a set of closed points of Y. Since V does not contain any closed point of Y 
by construction, we find that ny{yo)[yo] is rationally trivial on Y. 

The morphism f\s '■ S ^ f{S) is proper, with f{S) universally catenary. Hence, 
the cycle f*{ny{yo)[yo]) is rationally trivial on f{S) and, thus, on X (use [S^, 6.5 
and 6.7). Since the irreducible components of S have dimension 1, since the generic 
points of f{S) belong to U by construction, and since f*{ny{yo)[yo]) = ny{yo)[k{yo) : 
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A;(a;o)][a;o] is rationally trivial on f{S), we find that by definition, n{U,Ox,xo) divides 
^y(z/o)[^(l/o) '■ ^(^^o)]; and the statement of (c) follows. □ 

Remark 7.2 The hypothesis that X is universally catenary is needed in 17.11 (c). In- 
deed, consider the finite birational morphism tt : Y X described in Example 11.31 
The scheme Y is regular, and X is catenary but not universally catenary. The preim- 
age of the point Xq G X consists in the two regular points yo and yi in Y, with 
[k{yo) : k{xo)] = d, and [k{yi) : k{xo)] = 1. It follows from the discussion in 11.31 that 
nxixo) is divisible by d. Thus, when d > 1, the morphism tt provides an example 
where 

gcd{nY{y)[k{y) : k{xo)] \ y G f'^{xo),y closed} = 6{E/k{xo)) < nx{xo). 

Corollary 7.3. Let X be a universally catenary noetherian scheme. Let xq & X he 
a point with dim(9x,xo ^ 1- Let f : Y ^ X be a proper birational morphism such 
that f~^{xo) is contained in the regular locus ofY. Let E := Y Xx Spec k{xo) . Then 
nx{xo) = S{E/k{xo)). 

In particular, if X is an integral excellent scheme of dimension 1, and if f : Y ^ X 
is the normalization morphism, then nx{xo) = gcd{[k{y) : fc(xo)] | y G /^^(xq)}- 

Proof. The statement follows immediately from the previous theorem, since ny(?/) = 1 
for any y G /^^(xq) because y is regular on Y by hypothesis. □ 

Corollary 7.4. Let K be any field. Let V/K be a regular closed integral subscheme of 
F"/K, and denote by W/K a cone over V/K in F"'^^/K. Let wq denote the vertex of 
W. Then 5{V/K) = = ^{Ow,u,o)- 

Proof. Let Z ^ W denote the blow-up of the vertex wq of the cone W . It is well- 
known that the exceptional divisor E oi Z ^ W isomorphic to V/K. When V/K 
is regular, the points of E are regular on Z. Theorem 15.61 along with 17. 3[ shows that 
5{V/K) = n{Ow,u„) = l{Ow,u„)- □ 

Keep the notation of Corollary 17. 4[ Consider the sets 

V{y/K) := {deg;^(P),P closed point of V} 

and 

SiOw,wo) ■= {eiQ,Ow,wo),Q is primary}. 
Corollary 17.41 shows that gcd{d,d E V) = gcd(e, e G £). Let us note here that the 
sets V and S can be very different. For instance, it is known that e{xnw,wo) = deg(V^), 
and this integer is the minimal element in S. At the same time, it may happen that 
V{K) 7^ 0, so that 1 G V{V). 

If Q is a primary ideal of Ow,wo generated by a system of parameters, then any 
positive multiple of e{Q,Ow,wo) belongs to S (|53], 11.2.9). When K is infinite, this 
statement remains true for all m^g -primary ideals of Ow,wo (use [56], Thm. 22). In view 
of the property of the set V in Proposition 17.51 one may wonder whether an analogous 
property holds for the set S. 

In the next proposition, we call a field K Hilbertian if every separable Hilbert set of 
K is non-empty. This is the definition adopted in [17], 12.1, but not the one used in 
[35] , page 225, for instance. Both definitions agree when char(i^) = 0, such as in the 
case of number fields, and the reader will see that the proof of 17.51 is simpler in this 
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cas^. A scheme V j K of finite type is called generically smooth if it contains a dense 
open subset U/K which is smooth over K. 

Proposition 7.5. Let K be a Hilbertian field. Let V/K be an irreducible regular 
generically smooth algebraic variety of positive dimension. Then there exists uq > 
such that 

{nS{V/K),n> no} C V{V/K). 

Proof. Let K' denote the subfield of elements of K{V) algebraic over K. Then V/K' is 
geometrically irreducible and 6{V/K) = [K' : K]6{V/ K') (see l6.9p . It is thus sufficient 
to prove the proposition when V/K is geometrically irreducible. Choose an affine 
open subset U of V. Then 5{U/K) = 6{V/K) (16. 8p . We can thus find finitely many 
closed points Pi,...,Pr in U such that gcd(deg^(Pj), i = l,...,r) = 6(y/K). In 
case char(K) > 0, we use 19.21 to show that we can assume that each point Pi has its 
residue field K{Pi) separable over K. Since U/K is quasi-projective, we can use 
2.3, and find a geometrically integral curve C/K in U which contains Pi, . . . ,Pr in its 
smooth locus C'^™ (the proof of |13], 2.3, uses Bertini's Theorem in [28], where the 
only hypothesis on K is that it is infinite). Let C /K denote a regular projective curve 
containing C""" as a dense open subset. Clearly, 5{C' /K) = 5{C^"''/K) and 5{C^^' / K) 
divides gcd(deg;f (Pj), z = 1, . . . , r) = 5{V/K). 

Since C \ C*"* is a finite set, it suffices to prove the proposition in the case where 
V/K is the smooth locus of a regular projective geometrically integral curve of 
arithmetical genus giV) = dimH^{V, Oy). 

Let again Pi,...,Pr in V be such that gcd(deg^(Pi), z = l,...,r) = S{V/K). 
Clearly, every large enough integer multiple j of 6{V/K) can be written as j = 
^[=1 a;j deg^(Pj) with Xj > 0. Suppose that j > 2g{V) — 1 + maXj(deg^(Pj)). Then 
by the Riemann-Roch Theorem there exists a function / G a^iPj) which 

does not belong to H^{V,0{D)) for any effective D < iJ2l=i^iPi)- follows that / 
defines a morphism f : V ^ over K of degree equal to j. If the induced extension 
K{V)/K{F^) is separable, then our assumption that K is Hilbertian implies that / has 
irreducible fibers, and so, that points of degree j on V exist. 

If char(ii') > 0, we can modify the argument as follows. Consider a closed point 
Pq of V with residue field K{Pq) separable over K, and such that Pq is distinct from 
Pi, . . . , Pr. Then every large enough integer multiple j of 6{V/K) can be written as 
j = deg^(Po) + I]i=i^ideg^(Pi) with Xi > 0. As before, when j > 2g(y) - 1 + 
max(deg^(Pj), i = 0, . . . , r), we use the Riemann-Roch theorem to define a morphism 
f : V ^ over K of degree equal to j. This morphism now has the property that the 
induced extension K{V)/K(F^) is separable, and we can conclude using the fact that 
K is Hilbertian, as above. □ 

Remark 7.6 The statement 17.51 does not hold if V/K is not assumed to be regular. 
Indeed, consider the curve X/Q defined by x"^ + y'^ = 0. Then 5(X/Q) = 1, and (0, 0) 
is the only point of odd degree. 



The case of inseparable extensions requires careful consideration (see for instance the Notes on 
page 230 of [H]). We also note that Proposition 5.2 in Chapter 9 of [3S], page 240, requires further 
hypotheses to ensure that the element y in its proof exists. 
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Remark 7.7 When X/F is a smooth proper geometrically connected curve of genus 
(7 > 1 over any field F, slightly more can be said about the set V{X/F). Since the 
canonical class can be represented by an effective divisor, the curve X/F has at least 
one point of degree at most 2g — 2. Let Q be a point of minimal degree on X. 

We claim that there exists a divisor ^l^iO-iPi of degree 6{X/F) such that for all 
i = l,...,s, 

deg(P,) <g + deg(g) <3g-2. 

Indeed, let D := J2i=i^iPi ^ divisor of degree 6{X/F) such that maXj(deg(Pj)) is 
minimum among all such divisors. We may clearly choose such a divisor D such that the 
degrees of the closed points in the support of D are pairwise distinct. After reordering 
if necessary, we may assume that deg(Pi) < . . . < deg(Ps). If deg(Ps) > deg(Q) + g, 
then by the Riemann-Roch theorem, the divisor P^ — Q is equivalent to an effective 
divisor Yl'j=i ^jQj^ with bj > and deg(Qj) < deg(P5). Replacing P^ by Q + Yl'j=i ^jQj 
in D contradicts the minimality of maxj(deg(Pi)). 

Suppose now that there exists an algorithm which determines, given an irreducible 
variety V/F, whether V/F has an F -rational point. Then there exists an algorithm 
which determines the index 6{X/F) of a smooth proper geometrically irreducible curve 
X/F of genus g. Indeed, for a given d > 1, consider the quotient X^'^y F of the d-io\d 
product X'^/ F by the action of the symmetric group Sd acting by permutation on X'^. 
Then a P-rational point on X^^^ corresponds to a point of X defined over an extension 
L/F of degree [L : F] dividing d. To compute 6 (X/F), it suffices to determine whether 
X^*^) / F has a P-rational point for d = 1, . . . ,3g — 3. 

Example 7.8 It goes without saying that most often, the explicit determination of 
the set V{X/F) is a very difficult problem. Consider for instance the Fermat curve 
Xp/Q given by the equation + = z''^, with p > 3 prime. This curve has obvious 
points of degrees 1, p — 1, and p. Points of degree 2 on the line x + y = z were noted 
already by Cauchy and Liouville (|55j, Introduction). Indeed, a point (x : y : 1) on the 
intersection of Xp with the line x + y = z satisfies: 

xP + {l-xf -1 = x{x - l){x^ -x + lfEp{x), 

with Ep{x) G Z[x], and 6 = 1 if p = 2 (mod 3) and 6 = 2 if p = 1 (mod 3). Mirimanoff 
conjectured in 1903 that Ep[x) is irreducible over Q for all primes p > 11. Klassen and 
Tzermias conjecture in that any point P on Xp/Q of degree at most p — 2 lies on 
the line x + y = z. Putting these two conjectures together when p > 11, we would find 
that 

ViXp/Q) = {1, 2, deg(Pp(x)),p - l,p, . . . }. 

Example 7.9 Let A be any noetherian local ring of dimension d > 0. Set X = Spec A, 
with closed point Xq. Our next example shows that nx{xo) is not bounded when d is 
fixed. 

Let k he a field which has finite extensions of any given degree. Let Y = Spec B be 
an affine normal integral algebraic variety of dimension d > over k. Let y^ E Y he 
a closed point corresponding to a maximal ideal m of P. Let r > 1, let A := k + xvf , 
and let X = Spec (A). Let tt : Y ^ X he the induced morphism. Then vr is finite 
birational, Xq ■= 7r(yo) € X{k), and vr : y \ {yo} X \ {xq} is an isomorphism. 
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Theorem 17.11 shows that nx{xo) = nY{yo)[k{yo) : k]. A straightforward computation 
shows that e(Cx,xo) = e{OY,y,)[k{yo) : k^"^^. 

Remark 7.10 Let (A, m) be a noetherian local ring of positive dimension. Let s{A) 
denote the smallest positive integer s such that there exist a reduced closed one- 
dimensional subscheme C in Spec A, and / G /C^(C), with s = ordm(/). In other 
words, s{A) is the order of the class of [m] in the Chow group ^(SpecA), and in the 
notation of I5.4[ s{A) = n{Spec A, A). It is clear that s{A) divides n{A), and we note 
in the example below that it may happen that s{A) < n{A). 

Let k := M. Consider the projective plane curve C/k given by the equation y'^z + 
x'^z + = 0. Let X/k denote the affine cone over C in A^/k. Let Cq G C denote the 
singular point corresponding to (0 : : 1). The preimage of Cq in the normalization 
of C consists of a single point with residue field C. Hence, it follows from 17.31 that 
nc{co) = 2. Let now xq := (0,0,1) G X{k). Using a desingularization of xq and 17.31 
we find that nx{xo) = 2. We claim that s{Ox,xo) = 1- Indeed, the ring Ox,xo is the 
localization at {x,y, z — 1) of the ring k[x, y, z]/ {y"^ z + x^ z + x^) . The ideal {x, y) defines 
a closed subscheme of SpecOx.xo on which oidxa^z — 1) = 1. 

We conclude this section with a further study of the integer nx{xQ) which will not 
be used in the remainder of this article. 

Proposition 7.11. Let X he a noetherian scheme and let xq ^ X be a point with 
dimOx.xo ^ 1- Let Fi, . . . , be the irreducible components of X passing through xq, 
each endowed with the structure of integral subscheme. Then 

nx{xo) = gcd{nr^(xo) \ l<i<r}. 

Proof. We can suppose that X is local with closed point xq. Let U he a dense open 
subset of X and let i < r. Then [/ fl Fj is dense in Fj. So nr.(xo) = ord(/) for some 
/ G JC'^iC) where C is a reduced curve in Fj, with max(C) C f/ fi Fj C f/. Hence. 
nx{xo) divides nr-{xo) for all i <r. 

For each i, fix a dense open subset f/j of Fj \ Uj^jF^ such that nr-(xo) = n(f/j,Fj) 
(see 15. 5p . Let f/ be a dense open subset of X such that nx{xo) = n{U,X). Replacing 
each f/j hj Ui n U and U by Uj(f/j fl U) if necessary, we can suppose that U := Ujt/j 
satisfies nx{xo) = n{U, X). Let C be a reduced curve in X such that max(C) C U and 
nx{xo) = ord(/) for some / G /C^(C). Let Cj = Fj n C. Then nx{xo) = J^i'^^^ifi) 
where /j is the image of / in /C^^(Cj). As max(Cj) C f/j, we have nri(xo) = n{Ui, Fj) | 
ord(/j). Therefore nx{xo) is divisible by the gcd of the ur-^xoYs. □ 

Remark 7.12 Let {A, m) be a noetherian local ring of dimension d > 1. Let pi, . . . , p^, 
be the minimal prime ideals of A, and assume that dim A/pi = d if and only if z < s. 
Proposition 15.21 implies that 

7(A) = gcd{i{A,MA/p^) I 1 < ^ < s}. 

Proposition 17.111 implies that 

n{A) = gcd{n(y4/pj) | 1 < i < r}. 

We produced in 15.61 a class of rings where n{A) = 7(A). The above formulas indicate 
that the hypotheses in 15.61 that A be equidimensional (s = r) and that pj G Reg(A) for 
alH = 1, . . . , r, are optimal. 
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Our next proposition strengthens Corollary 16.71 when nx{xo) < 7(Cx,xo)- 

Proposition 7.13. Let X/k be a reduced scheme of finite type over a field k and let 
Xq & X be a closed point with dimCx,a:o ^ 1- Then 5{X'^^^ /k) divides rix^Xo) deg^(xo). 

Proof. Let ri,...,rr be the irreducible components of X passing through xq, each 
endowed with the structure of integral subscheme. Since 5{X'^^^/k) divides 5{T^^^/k) 
for all z = 1, . . . , r, we find from l7.lT] that it suffices to prove the statement when X 
is irreducible. When X is irreducible, rix^Xo) = 'y{Ox,xo) (15.61) . and the results follows 
immediately from Corollary 16.71 □ 

Proposition 7.14. Let A be noetherian excellent local ring (e.g., the local ring at some 
point of a scheme of finite type over a field) with dim(A) > I. If the residue field k of 
A is algebraically closed, then n{A) = 1. 

Proof. Let X := Spec A, with closed point Xq. Proposition 17.111 shows that it suffices 
to prove the statement when X is integral. Let U he a dense open subset of Spec Ox,xo- 
There exists an integral curve C in X that contains Xq and some point of U (Theorem 
14. 5p . Consider the normalization map C ^ C. Applying 17.31 to this map and using the 
fact that k is algebraically closed, we find that ncixo) = 1. By definition, there exists 
/ e }Cc{C)* such that ord(/) = 1. It follows from the definitions that nx{xo) = 1. □ 

Proposition 7.15. Let X/k be a scheme of finite type over a field k. Let xq & X be 

a k-rational closed point with dim{Ox,xo) ^ 1- Tor any extension F/k, denote by xo,f 
the unique preimage of xq under the natural base change map Xp — ?■ X. Then there 
exists a finite extension F/k such that riXp{xQ^p) = 1. Moreover, any such extension 
F/k has degree divisible by nx{xo). 

Proof. Assume first that X/k is geometrically integral. We find then that for any 
extension F/k, nxpixo^p) = 'y{Oxp,xo p) (15. 6p . Let k/k denote an algebraic closure of 
k. Since 17.141 shows that nx^(xQ|:) = 1, we can find ideals of definition Qi, . . . ,Qr C 
Ox-j:,Xg-^ such that gcdj(e((5i, Cx-^.x^^)) = 1- For each i = 1, . . . ,r, choose a system of 
generators for Qi, and denote by F/k the extension of k generated by the coefficients 
of the rational functions needed to define all these generators. Thus, the generators 
of Qi are elements of Oxp,Xf)Fy generate in this ring an ideal of definition that we 
shall denote by Pj. To conclude the proof, it suffices to note that e{Qi,Ox-,x -) = 
eiP„Oxp,x,^p). 

Assume now that X/k is not geometrically integral. First make a finite extension 
k'/k such that each irreducible component of X^i/k' is geometrically integral. Let x'q 
be the preimage of Xq under X^r — )■ X. For each irreducible component T/k' of Xy /k' 
passing through Xq, we can find using our earlier argument an extension F^/k' such 
that the moving multiplicity of the unique preimage of Xq under Fj^j, — )■ F is equal to 
1. Let F/k be one of the extensions Fr. It follows then from Proposition 17. 1 ll that the 
moving multiplicity of the preimage of x'q under Xp Xk' is equal to 1. 

Let now F/k such that nxp{xo,F) = 1- Consider the finite fiat base change / : 
Xp — !■ X, with /(xo,f) = Xq and k^xo) = k. Theorem 17.11 (c) shows that nx{xo) 
divides [F : k]nxp{xo^p). It follows that the degree of the extension F/k is divisible by 
nx{xo). □ 

As the last paragraph of the above proof indicates, when nx{xo) > 1 and F/k is 
separable and non-trivial, the etale morphism / : Xp — )■ X, with /(xo,f) = xo, is such 
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that nxpixo^p) < nx{xo)- This example shows that the hypothesis on the residue fields 
of the points Xq and yo is necessary in (b) of our next proposition. 

Proposition 7.16. Let X be a noetherian scheme, and let f : Y X be a smooth 
morphism. Let xq G X with dim Ox,xo > 1 and let yo be any point in the fiber /"^(xq). 
Then 

(a) nyiyo) divides nxixo) . 

(b) Assume that X is universally catenary. If k{xo) — )■ k{yQ) is an isomorphism, then 
nviyo) = nx{xo). 

(c) Assume that X is universally catenary. Let g : Z ^ X be any smooth morphism 
with zq G g^^^Xo) such that k{zo) is isomorphic over k{xo) to k{yo). Then nz{zo) = 
nyiyo)- 

Proof, (a) Since by definition nx{xo) = n{Ox,xo)j "^^ can assume that X is local with 
closed point xo by replacing /, if necessary, hj Y Xx SpecOx,xo ~^ SpecOx,xo- We 
can also assume that y — )■ X is of finite type. 

Since / is smooth at yo, replacing Y by an open neighborhood of yo in Y if necessary, 
we can suppose that / factors as the composition of an etale map Y — followed by 
the canonical projection — > X. Thus it is enough to prove (a) separately for etale 
morphisms and for the projections A^ — )■ X for all d > 1. 

We now make one further reduction, to the case where X is local integral of dimension 
1. This paragraph and the next only assume that / is fiat. Consider the natural 
morphism i : Spec Oy,yo ~^ Y. Using Lemma [5.51 we can find a dense open set U' of Y 
such that n{OY,yo) — ^i'^^^iU')y^Y,yo)- Note as in 15.51 that for any dense open subset 
Ui C U', we have n^Oy^yo) = n{i~^ (Ui) , Oy^yo) ■ We now choose a dense open subset 
U U' such that U is fiberwise empty or dense in Y over X, that is, such that for 
all X G X, is either empty or dense in Y^. Indeed, first use [23], IV, 9.7.8 (applied 
to each irreducible component of X), to find a dense open subset Xi of X such that 
for each a; G Xi, say belonging to an irreducible component {rj} of X, the number of 
geometric irreducible components of Y^ is equal to the number of geometric irreducible 
components of F^. Note now that / is fiat, so the image f{U') of U' in X is open. Apply 
then again [23], IV, 9.7.8, to the morphism f\ij' : U' fiJJ') and find an appropriate 
dense open subset Vi of f{U') with similar conditions on the fibers. It follows that 
W := Vi nXi is a dense open subset of X, and we take U := f^]{Vi flXi) C U'. Note 
that f{U) = W. 

Recall that n{U,OY,yo) — '"^viyo), and that n{W,Ox,xo) divides nx{xo). To prove 
that nyiyo) divides nx{xo), it suffices to prove that n{U,Oy^y^) divides n(W,Ox,xo)- 
Thus, it is enough, given any integral curve C in X containing xo and whose generic 
point rj belongs to W, and given any non-zero regular function g G 0{C), to find a 
one dimensional closed subscheme D of Spec Oy^yg, contained inYxxC with maximal 
points in U, and an element gi G /C^(D) such that ordy^^gi) divides ordx.o(fi')- As 
f/ Xx ^7 is dense mYxxi],we find that U XxC is a dense open subscheme ofYxxC. 
Therefore, to prove that nyiyo) divides ux^Xq), it is enough to prove that uyxxdyo) 
divides nc{xo); indeed, then there exists such a D and gi with oidy^^gi) = nyy^^civo), 
and this latter integer divides nc{xo), which by definition itself divides oidxoig). 

Returning to the case where / is smooth as in the proposition, we find that it 
suffices to prove (a) when X is local integral of dimension 1 with generic point t]. Now 
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suppose that / is etale. We keep the notation U and W of the previous paragraphs. 
Suppose given a nonzero regular function g on X {X can now play the role of C). Let 
D := SpecCyj^,). As f/^ is dense in the discrete set Y^, it is equal to Y^. Hence, the 
maximal points of D belong to U. Let gi := f*{g)- Then oidyg^gi) = oidx^i^g) because 
/ is etale, and (a) is proved in this case. 

Suppose now that / is a projection morphism — X. An easy induction in d 
reduces the problem to the case d = 1. Consider now f : Y := X. Assume first 

that I/O is a closed point of Y. Write X = Spec R, with R a local domain with maximal 
ideal m. Fix g G -R\{0}. Let F{T) G R[T] be a monic polynomial which lifts a generator 
of the maximal ideal of k{xo)[T] corresponding to z/q G Y^.^. Let S := R[T]/ {F(T)), 
and D := Spec 5. Then S is finite and flat over R, with S/mS = k{yQ) a field, so that 
S is local. Let gi = g E S . The element gi is regular by flatness and we have 

oidyM = is{S/{g^)) = is{S ®R R/gR) = iniR/gR) = OTd,,{g), 

where the third equality holds by flatness and because S/mS = k{yo) is a field (see [20] . 
A. 4.1, or [39], Exercise 7.1.8(b)). To conclude the proof, we need to further specify 
the element F{T), so that D is such that D^j C U. For this we modify a given F{T) 
by an element A G m as follows. Write 1^ \ [/^ as V{(j)(T)) for some non-zero 4>(T) G 
Frac(i?)[T]. Since m is infinite, we can find A G m such that gcd(F(r) + A, 4>(T)) = 1 
in Frac(-R)[T]. Then we take the curve D defined by F{T) + A. 

Let us consider now the case where yo is the generic point of the fiber of A^ — )■ X 
above xq. As before, let R := Ox,xoy with maximal ideal m. Then OY,yo = R[T]mR[T] ='■ 
R{T). Let / be an ideal in R. Then / is m-primary if and only if IR{T) is m.R{T)- 
primary, and when / is m-primary, then e{I,R) = e{I R{T) , mR{T)) (as stated for 
instance in [53], 8.4.2). It follows that 7(-R(T)) divides 7(-R). Since n{R{T)) divides 
7(i?(T)), we find that n{R{T)) divides n{R) when n{R) = 7(-R). When i? is a local 
domain of dimension 1, the hypotheses of 15.61 are satisfied and n{R) = 7(-R). 

(b) When X is universally catenary, we can apply Theorem 17.11 (c) (since / is 
open, the hypothesis on generic points is satisfied) and obtain that nx{xo) divides 
nY{yo)[k{yo) '■ k{xo)]. This gives the divisibility relation nx{xo) \ ny(yo) when [k{yo) : 
k{xo)] = 1. 

(c) Consider the cartesian diagram 



Z ^X. 

Let w denote a point oiW := Z XxY above zq and yo inducing isomorphisms k{zo) — )■ 
k{w) and k{yo) — )■ k{w). The morphisms a and (3 are smooth, and it follows from (b) 
applied to a and (3 that nz{zo) = nwiw) = ny(?/o)- D 

Example 7.17 We show in this example that there exist a local ring O and an ind- 
etale local extension O'^ such that Spec — )• Spec O induces an isomorphism on closed 
points, and such that n{0^) < n{0). In our example, the local ring O is not universally 
catenary, while the ring O'^ is the henselization of O, and is universally catenary. 

Consider again the finite birational morphism tt : Y X described in Example 
11.31 The scheme Y is regular, and X is catenary but not universally catenary. The 
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preimage of the point xq G X consists in the two regular points yo and yi in Y, with 
[k{yo) : k{xo)] = d, and [k{yi) : k{xo)] = 1. It follows from the discussion in 11.31 that 
nx{xo) is divisible by d. Let O := Ox,xoy and consider the henselization of Ox,xo- It 
is known that a noetherian local Henselian ring of dimension 2 is universally catenary 
(see, e.g, [17], 2.23 (i), with for instance, [53], B.5.1). We let x'q denote the closed point 
of Spec O'^. We have the following diagram with cartesian squares: 

Yq, Yo Y 

Spec O'' Spec O X. 

We use 17. H (b) and (c), on vr' to conclude that 

gcdiriY^MKy) ■ k{4)] I y e 7i'-\x',),y dosed} = n{0'') = 1. 
Thus, when d > 1, we find that 1 = n{0'^) < n{0). 

Remark 7.18 It is easy to construct examples of flat morphisms f : Y ^ X with 
yo & Y such that ny(?/o) > nx{f{yo))- Indeed, start with an integral scheme Y of 
finite type over a field k with a closed point yo &Y such that ny(?/o) > 1- Choose any 
non-constant function / : y — )■ P^. This morphism is then fiat, and since is regular, 

8. Index of varieties over a discrete valuation field 

8.1 Let K be the field of fractions of a discrete valuation ring Ok-, with maximal ideal 
(vr) and residue field k. Let S := Spec(Ci<-). Let X be an integral scheme, and let 
/ : A" — )■ 5* be a fiat, separated, surjective morphism of finite type. 

Since / is fiat, div(7r) is a Cartier divisor on X , and we denote its associated cycle 
by [div(7r)] = Y^^=i'^i^i- Each Fj is an integral variety over fc, of multiplicity in Xk. 
The generic fiber of X /S is denoted by X/K. 

For any irreducible 1-cycle C (endowed with the reduced induced structure) on X 
and for any Cartier divisor D on X whose support does not contain C, the restriction 
D\c is again a Cartier divisor on C. The associated cycle [D\c] is supported on the 
special fiber of X ^ S. Writing [D\c] = J2x closed (-^•^) a; M' th^n its degree over k is 
deg;j[D|c] = ^2:(-D.C)a; deg^(x). Note that if D is effective, then for any closed point 
X G CnSuppD, {D.C), = i{Oc,x/Oc{-D),) > 1. 

Assume that C — )■ S* is finite. Then C is the closure in A" of a closed point P E X, 
and we have 

degi^(P) = degfe(div(7r)|c). 
Assume now that X is locally factorial (e.g., regular). Then the Weil divisors Fj are 
Cartier divisors (again denoted by Fj) and we can write that div(7r) = Yl^=i ^i^i as 
Cartier divisors. It follows that 

(1) degAP)= (E^^(r,.C).deg,(x)]. 

x<^Xj,nc Xr^^x / 

In particular, 

gcd{ri6{Ti/k)} divides 6{X/K), 
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where 6{X/K) denotes the greatest common divisor of the integers deg^(P), with 
P G X closed, and whose closure in X is finite over S. This statement is sharpened in 
our next theorem. 

When / : — )■ S* is proper, the closure of any closed point P E X is finite and fiat 
over 5* and, thus, in this case, gcdj{rj5(rj/A;)} divides 5{X/K) = 5{X/K). 

Theorem 8.2. Let f : X ^ S he as above, with X regular. Let X/K denote the 
generic fiber of X / S. 

(a) Thengcd.iridiVf'^/k)} divides 6 (X/K). 

(b) When Ok %s HenseUan, then 6{X/K) = gcdi{ri5(rf 7^)}. 

Proof. For ease of notation, we will write gcd{Xk) := gcdj{rj5(rj'^^/fc)}. 

(a) Let P be a closed point of X whose closure in X is finite over S, and let us 
show that gcd{Xk) divides deg^(P). If {P} nT^ C T'"^ for all i < n, then Formula 
above shows that gcd{Xk) divides deg;^(P). In general, though, {P} may intersect the 
singular locus of some Fj. If that is the case, then we can end the proof in two different 
ways. 

The first method relies on Theorem 12.31 and assumes in addition that X is FA when 
Ok is not Henselian. Indeed, 12.31 shows that there exists an affine open subset V 
of X which contains the 1-cycle {P} and a 1-cycle C rationally equivalent to {P} 
in V, and whose support is proper over 5* and does not intersect the singular locus 
F of (A'fc)red- Then P is rationally equivalent on Vk to C|v^, whose support is a 
union of closed points of X. We claim that deg^(P) = deg;^C|x- Indeed, since V is 
affine, we can consider an open embedding V ^ y over S where y/S is projective. 
Theorem 12.31 shows that {P} and C are closed and rationally equivalent in y. Then 
degj^(P) = deg^ C\yj^ = degj^ C\Vk = deg^ C\x- The above discussion shows that each 
point in SuppC|x has degree divisible by gcd{Xk), so that gcd{Xk) divides degj^(P), 
as desired. 

The second method relies in the end on Theorem 16.51 and its corollary 16. 71 It consists 
in a succession of blowing-ups, starting with the blowing-up of specializations of P in 
X as in Lemma [S75] (3), to produce a new regular model y, where the specializations 
of P belong to the regular locus of {yk)rcd- Our initial discussion above implies that 
gcd{yk) divides degj^(P). Then Lemma 1831 (2) shows that gcd(3^fc) = gcd{Xk), and 
(a) is proved. 

(b) Let FO := Fj"^ \ Uj^iTj. Proposition ED shows that 6{T'^yk) = 6{Tyk). We 
use then Proposition 18.41 (3) on each closed point of F° to find that 6{X/K) divides 
gcd(A'fc). □ 

Lemma 8.3. Let f : X ^ S be as m l8.1|. and assume X regular. Let d := dimX. Let 

xo E Xk be a closed point and let Vi, . . . ,V s denote the irreducible components of Xk 
which contain xq. Let Ci denote the Hilbert- Samuel multiplicity of xq on Fj. Consider 
the blowing-up X ^ X of X along the reduced closed subscheme {xq}. 

(1) The scheme X is regular, and the exceptional divisor Ei in X is isomorphic to 
^fc(xo)- multiplicity r{Ei) of Ei in Xk is YA=i^i^i- 

(2) We have gcd{Xk) = gcd{Xk). 
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(3) Let P he a closed point of X. Then there exists a finite sequence 

such that each morphism Xi — )■ Xi_i is the blowing-up of a closed point in the 
special fiber, and such that the closure of P in Xm intersects {Xm)k only in regular 

points of {{X.m)k)rcd- 

Proof. (1) As we blow-up a regular scheme along the regular center Specfc(a;o), we 
have X regular and Ei ~ ^k{xo) (ES]' 8.1.19). In the regular local ring Ox,xoy factor a 
uniformizing element tt of Ok as tt = ug[^ ■ . . . ■ gl% where gi is a local equation in X of 
the component Fj at Xq, and m is a unit. It is not hard to see that the Hilbert-Samuel 
multiplicity of Xq on Fj is the positive integer Cj such that g^ G {xnx,xoY' \ {^x,xoY'^^- 
Since the associated graded ring (Bq>o{v(i^x,xo/^'!v,xo) ^ polynomial ring over k{xo), 
we find that tt G {vax,xo)^'^^^' \ i''^x,xo)'^'^^^'^^- Let ^ denote the generic point of Ei. 
Since X is regular, the local ring O^^ is a discrete valuation ring with normalized 
valuation v^, and the multiplicity of Ei in X/^ is v^ln). We leave it to the reader to 
check that jf / G {mx,xoY \ {mx,xoy^\ then Vi:{f) = r. 

(2) Let Fj denote the strict transform of Fj in X. The blowing-up X X restricts 
to a morphism Fj — )■ Fj which is nothing but the blowing-up of Fj along a;o. Hence, the 
varieties Fj/fc and Fj/A; are birational and 5(F^'^^/A;) = (5(F^^^/fc) (16. 8p . Recall that 

gcd(;efc) = gcd {r,5(fr7A;),r(Ei)5(Ei/A;)}. 

\<i<n 

We thus find that gcd(A'fc) divides gcd(A:'fc). Clearly, 5{Ei/k) = [k{xo) : k] = degfc(a;o). 
Corollary 16.71 implies that for every Fj passing through xq, ejdeg;j(a;o) is the degree of 
some 0-cycle supported in Fj*^^ and, thus, Cj deg^(xo) is divisible by (5(F-'^^//c). Therefore 
gcd{Xk) divides gcd{Xk). 

(3) Let P be a closed point on X. We describe below how to obtain a new regular 
model using a sequence of blowing-ups along closed points 

^m-l ■ ■ ■ ^ Xi ^ X 

such that the specializations of P in X^ are regular points in {{Xm)k)red- 

Suppose {P} meets the singular locus F of {Xk)rcd- Let y ^ X he the blowing- 
up of X along {P} n F. Then y ^ X is also obtained by successively blowing-up 
points of {P} nF. If P specializes only to regular points of 3^^, then the process stops. 
Otherwise, let yhe a. specialization of P in belonging to the singular locus of (3^fc)red- 
Then y belongs to an exceptional divisor Ei, of multiplicity r{Ei), and to at least one 
strict transform Fj. Using these two facts and Formula ([1]), we find that 

deg;^(P) > r(Ei). 

Consider the blowing-up Z ^ y of y along {P} intersected with the singular locus 
of (3^A:)red- The cxccptioual divisor E2 above y has multiplicity r(i?2) in Zk, and since 
y & Eld Fj, Part (1) of this lemma implies that r{E2) > r{Ei). Repeating the above 
argument on E2 shows that degj^(P) > r{E2). Therefore, the process must stop after 
at most 1 + deg^(P) steps. □ 
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Let F be any field, and let W/F be a scheme of finite type. Recall that a closed 
point P E W \s called separable if the residue field extension F{P)/F is a separable 
extension. 

Proposition 8.4. Let f : X S be as in 18. 1[ Let Xq & Xj. be a closed point, regular 
in X. Let Ti,...,Ts be the irreducible components of passing through Xq. Let 
Ci := e{Ori,xo) denote the Hilbert- Samuel multiplicity of xo on Fj. Then 

(1) The Hilbert- Samuel multiplicity e{Oxk,xo) of xq on X^ is equal to Yli'i=i''^i^i- 

(2) Any closed point P e X such that xq E {P} has deg^(P) > e{Oxt,,xo) deg^(xo). 

(3) Assume that Ok is Henselian. If k is infinite, or if xq is a regular point of {Xk),.^^, 
then there exists a closed point P E X such that xq G {P} and 

degi^(P) = e(0;t,,xo)degfc(xo). 

If k is finite, then there exists a 0-cycle on X of degree e{Oxf,,xo) deg;.(a;o) and such 
that each closed point in its support specializes to xq in X . 

If X/K is generically smooth, then the point P and the support of the 0-cycle 
can be chosen to be separable over K . 

Proof. (1) This is the same computation as in Lemma [8.31 (1), or use 14.61 

(2) Let X ^ X he the blowing-up along xq with exceptional divisor Ei. We saw 
in 18.31 (1) that Ei is isomorphic to ^t^^^^) and has multiplicity e{Oxk,xo) '^k- As P 
has a specialization in X belonging to Ei, Formula ([1]) before Theorem 18.21 shows that 
deg;^(P) > e{Ox,^xo)degk{xo). 

(3) Let us suppose first that xq is a regular point of {Xk)red- Since X^^^ is open in X 
([23] IV.6.12.6 (ii)), we may without loss of generality assume that X = Spec A is affine, 
irreducible, and regular, with irreducible special fiber. Since Ox,xo is factorial, we may 
if necessary replace X by an open dense subset and assume that the uniformizer vr of Ok 
factors as 77 = ut^ in A, with t E A, u E A* and e := e{Oxi,,xo)- By hypothesis, there 
exists a system of generators {/i, . . . , f^} of the maximal ideal m of A/(t) corresponding 
to Xq with d = dim(y4/(t)). 

For i = 1, d, let gi E A he any lift of /j. Let Tq he the closed subscheme of 
X defined by Tq := Spec A/ {gi, . . . ,gd). Consider the induced morphism ip : Tq S. 
Clearly, (^"^((tt)) = {xq}. Let Ti C Tq denote the open subset (see [23], IV. 13. 1.4) 
consisting of all the points of Tq where ip is quasi- finite. It is clear that Xq E Ti, and 
Xq is in fact a regular point of Ti since A/{gi, . . . ,gd,t) is a field. Using [23] IV.6.12.6 
(ii) again, we find that the regular locus of Ti is open, and we can thus if necessary 
replace Ti by a open subset containing xq and assume that Ti is regular. Since Ok is 
Henselian, we may use [4j, 2.3, Proposition 4 (e), and obtain that there exists an open 
neighborhood T of xq in Ti such that T — )■ S" is finite. Since both T and S are regular 
and T — ?► 5 is finite, we find that T — )■ 5* is also fiat. The generic point P oiT = {P} 
has thus degree edegj.(A;(xo)) over K, as desired. 

Let us now assume in addition that X/K is generically smooth. We claim that we 
can find a lift P E X oi xq with K{P)/K separable of degree edeg^(fc(xo)) over K. 
Keep the assumptions in the first paragraph of the proof of (3) above. If = 0, then 
the generic smoothness of X/K implies that the fraction field of A is separable over 
K, and our claim is true. 
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Assume now that d > 1, and let us show that the hfts Qi can be chosen such that 
the generic point of the associated T is separable over K. To start, we show that there 
exists a lift gi of /i such that the closed irreducible subscheme V{gi) of X is flat of 
finite type over S, with generic fiber generically smooth. We then conclude the proof 
by induction on the dimension. 

Note that there always exists h ^ A such that the differential dh in is not 

zero. Start with any lift g & A of fi. If the differential dg is zero, replace g by the lift 
g + irh and assume now that dg ^ 0. Let Z be the proper closed subset of X where 
X ^ S is not smooth. Then on X \Z, the sheaf of differentials is locally free, and we 
let Z' be the zero locus of dg in X \ Z. By construction, Z' is closed in X \ Z, and 
Z U Z' contains only finitely many irreducible closed subsets of codimension 1 in X. 

The ideals {g + vr'*) of A-^, s G N, are infinitely many pairwise distinct prime ideals 
(recall that by construction (g) is a prime ideal of A^; and the maximal ideal of is 
also generated by t,g + vr"*, (72, ... , gd)- Therefore, we can choose gi := g + vr** for some 
s such that in X, ^^(5^1) is not contained in Z U Z'. Since V{gi) is not contained in 
Z, we find that V{gi) intersects the smooth locus of X ^ S. The generic fiber of the 
morphism V{gi) ^ S is then smooth at a point outside Z U Z' since d{gi) is not zero 
at such a point. We conclude the proof of the existence of P with K{P)/K separable 
when X/ K is generically smooth by induction on the dimension. 

In the general case where Xq need not be regular in {Xk)redi consider the blowing-up 
X ^ X of Xq a,s in (2). If k is infinite, then there exists a fc(a;o)-rational point Xi in the 
interior of £"1, and so regular in {Xk)red- By the above, there exists a closed point P of 
X such that deg^(P) = e{Ox^,xo) deg^(xo) and which specializes to xi in X . Then P 
specializes to x^in X ^ as desired. 

If k is finite, then 5{Y/k) = 1 for any geometrically irreducible algebraic variety 
Y over k ([3Z], Corollary 3. See also [TB], 3.11). Therefore, there exists a 0-cycle 
supported in the interior of Ei, of degree 1 over k{xo). Then lift this 0-cycle to X as 
above. □ 

Variations on the statement of 18.41 (3) when xq is a regular point of {Xk)red can be 
found in [13], Lemme 2.3, or [1], Corollary 9.1/9. When we relax the hypothesis that 
X is regular in Theorem 18.21 (b). we obtain: 

Proposition 8.5. Let Ok be Henselian. Let f : X ^ S he as in 18.11, with X regular 
in codimension one. Then 5{X^'^^/K) divides gcdj{rj5(r^'^^/fc)}. 

Proof. Indeed, X^^^ is open in X ([23] IV.6.12.6 (ii)). Since X is regular in codimension 
one, X \ X^^^ is of codimension > 2. Thus, T^^^ fl X"^^^ is not empty, and SiV'^^^ fl 
X'^'^/k) = 5iTf^/k) for all i (El]). Then lift closed points of Tf^ n X'^^ to X'^^ as in 
i2](3). □ 

Remark 8.6 Let F/fc be an integral normal algebraic variety. Let k' be the algebraic 
closure of k in the field of rational functions k{T). Let e{T /k') be the geometric 
multiplicity of F as fc'-scheme ([1], 9.1/3). We claim that when F is regular, 

eiV/k') divides 5{T/k'). 

Indeed, let L/k' be a separable closure of k' . Then e(F x^/ L/L) = e{r/k'), and 
6{r Xfc/ L/L) divides 6{r/k'). Let xq € F x^/ L be a Cohen-Macaulay closed point. 
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and let /i,...,/^ be a maximal regular sequence in mxo^rx^,L,xo of length /i : = 
i{Orx,,L,xo/{fi,---,fd))- By 0], 9.1/7 (b), e{r/k') divides /idegi(xo). Hence, when 
r is regular, so is F x^/ L and e{r/k') divides 6{r/k'). Note that e{r/k') = e{T/k) if 
k' /k is separable. 

Let now A" — )■ 5 be as in Theorem 18.21 with / proper and X regular. Let ki denote 
the algebraic closure of k in the function field k{Ti) of the component Fj of X^. As noted 
in 16.91 the scheme is defined over fcj, and we have 5{VY^/k) = [ki : fc]5(Fj''^/fcj). 
The geometric multiplicity e{Vi/ki) of Fj/Zc, is also the geometric multiplicity of F-'^^/fcj. 
It follows then from above that e(Fj/fcj) divides 5{VY^/ki). Hence, Theorem 18.21 (a) 
implies that 

gcd{ri[ki : k]e{Ti/ki)} divides 5{X/K), 

i 

answering a question in [5j, 1.6. 

Remark 8.7 (1) In general, if Ok is not Henselian, gcdj{rj(5(Fj''^/fc)} is not equal to 
6{X/K). This can be seen easily when X/Ok is of relative dimension 0. We can also 
consider a smooth projective conic X over Q without rational point, and with a regular 
proper model X over Z. If p is a prime of good reduction of X, then gcd{Xf ) = 1 
because every smooth conic over ¥p has an Fp-rational point, while 6{X/Q) = 2. 

(2) In general we cannot replace S{rl^^/k) by (5(Fj/A;) in 18.2( b). For example, let 
Ok = ffi[[t]] and let X = PToi{OK[x,y, z]/ {x^ + 1/^ + tz^))- Then X is regular, flat 
and projective over Ok- The special fiber T := Xk is integral, with a singular rational 
point, and its regular locus is isomorphic to A^. In this example, 6{X/K) = 2, but 
r(F)5(F/R) = 1. 

Example 8.8 Let A/K be a central simple A'- algebra of dimension n^. The square 
root of the degree over K of the skew-field D such that A is isomorphic to Mr{D) 
for some r > 1 is called the index ind(74) of A. Associated with A is a Severi-Brauer 
variety X/K, a twisted form of F^'-^/K, with 5{X/K) = ind(A). 

Suppose that if is a complete discrete valuation field with perfect residue field k. 
Let A/ Ok be a hereditary order of A. Associated with A is a model X/Ok of X/K 
called an Artin model ([19], 2.1). Artin ([Ij, 1.4) shows that when A is a maximal 
order, the model X is regular. The special fiber X^ is described in some cases in 
2.4 and 2.5 of [19]. In particular, the special fiber in the model described in [19] 2.5 
contains only irreducible components F of multiplicity 1 such that 6{r/k) = 1, and 
SiT'^^/k) = 6{X/K). 

8.9 Let be a non-empty scheme of finite type over a field F. Let V be the set of all 
degrees of closed points of W . Denote by v{W / F) the smallest integer in V. Clearly, 
5{W/F) divides v{W/F). 

Let / : A* — )■ 5* be as in 18. H and assume X regular and / proper. Then Proposition 
[Q (2) shows that 

v{X/K)> mill {e(CA-„xo)degfc(xo)}, 

XQ closed m X^^ 

with equality if in addition Ok is Henselian and k is infinite (18.41 (3)). 

Lang and Tate asked in p6], page 670, whether uiW/F) = 6(W/F) when W is a 
homogeneous space for an abelian variety A/F. Recall that non-empty scheme W/F 
is a homogeneous space for A/F ii W/F is endowed with a transitive action of A/F, 
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in the sense that the natural morphism A Xp W ^ W Xp W, which sends (a, w) to 
(a ■ w,w), is surjective as a morphism of fppf-sheaves. 

Let us say that a field k is WC(0) if every homogeneous space X/k for any abelian 
variety B/k has a /c-rational point ([TT], 1.2). A finite field is WC(0) ([M], Theorem 2), 
and it follows from the definitions that a pseudo-algebraically closed field k is WC(0). 

Proposition 8.10. Let Ok he Henselian with a WC(0) perfect residue field. Let A he 
an abelian variety over K having good reduction. Let X/ K he a homogeneous space for 
A. Then 5{X/K) = u{X/K). 

Proof. As A is an abelian variety, X is a principal homogeneous space for a quotient 
B of A. Let B/Ok be the Neron model of B over Ok- Then B is an abelian scheme 
([52]. Corollary 2 to Theorem 1). We know ([ID], Proposition 8.1) that X has a regular 
proper model X/Ok such that Xk = rV with V proper, smooth over k (because 
k is perfect), and V/k is a homogeneous space for Bk- Hence, V{k) ^ 0, so that 
?){yjk) = ^{V/k) = 1. Using Proposition [831 we find that v{X/K) = ru{V/k) = r. 
Theorem shows that S{X/K) = r5{V/k) =r. □ 

9. The separable index 

Let k be any field, and let X/k be a scheme. The set of separable closed points of X 
can be empty, even when X/k is regular. This is the case for instance for X = SpecL, 
where L/k is a. non-trivial purely inseparable extension. On the other hand, when X/k 
is smooth, the set of separable closed points of X is dense in X ([4], 2.2/13). 

When X/k is generically smooth and non-empty, define the separable index6sep{X/k) 
of X/ k to be the greatest common divisor of the degrees of the separable closed points 
of X. Clearly, 5{X/k) divides 6sep{X/k), and the question of whether 6{X/k) and 
6sep{X/k) are always equal was raised by Lang and Tate in [36], page 670. In this 
section, we answer this question positively. The case where X/k is a smooth projective 
curve was treated already in [23], Theorem 3. 

Let us note first that our work in the previous section lets us answer the question 
positively under the following additional hypotheses. 

Corollary 9.1. Let K be the field of fractions of a Henselian discrete valuation ring 
Ok ■ Let f : X ^ S be as in 18. 1|, with f proper and flat, and X regular. 

Let X/K denote the generic fiber of X/S, assumed to be generically smooth. Then 

6{X/K) = 6sep{X/K) = gcd{r,6{TTyk)}. 

i 

Proof. Follows immediately from Theorem 18.21 (b) and Proposition 18.41 (3). □ 

The proof of the next theorem is independent of the results in the previous sections 
of the paper. 

Theorem 9.2. Let X be a regular and generically smooth non-empty scheme of finite 
type over a field k. Then 6{X/k) = 6sep{X/k). 

Proof. Let X^"^ denote the dense open subset of X where X/ k is smooth. It follows im- 
mediately from Proposition 16.81 and the fact that X is regular that 6{X/k) = 5{X^™' /k). 
Thus, it suffices to prove the theorem when X/ k is smooth. 
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Assume that X/k is smooth. It suffices to prove that for any closed point xq G X, 
there exists a separable 0-cycle on X of degree deg^(a;o). We proceed by induction on 
d := (\mik{xo) ^\(xo)/k- If = 0, then xq is already separable. If c? = 1, then by Lemma 
19.31 Xq belongs to a closed curve C in X which is smooth at xq, and we can conclude 
using Lemma [9. 4[ 

Now fix d > 2, and suppose that the statement holds for any closed point y in 
any smooth variety over k such that d\mk{y) ^k{y)/k ^ d — ^- Replacing X by the 
smooth locus of the closed subvariety Y whose existence is proved in Lemma 19.31 we 
can suppose that dim^g X = d. Since Xq is smooth in X, we can replace X by an affine 
open subset if necessary, and assume that there exists an etale morphism / : X — )■ A^. 
Let TT : — !■ A^~^ be the projection to the first d — 1 coordinates. Let zq := 7r(/(xo)). 
Then C := X x^d-i Spec k{zo) is a closed subscheme of X containing xq. It is a smooth 

curve over k{zo) because it is etale over the affine line 7r~^(zo) = ^a;(2o)' Therefore, 
we can use Lemma 19.41 and obtain that there exists a 0-cycle D on C, separable over 
k{zo), and of degree deg^^^^^{xQ) . For any point y in the support of D, we have 

dimfc(y) ^l^yyk = dimfc(,,) fi^,^)/^ < dim Af-^ = - 1. 

Thus, we can apply the induction hypothesis to each such point y. It follows that there 
exists a separable 0-cycle on X/k of degree deg^(xo). □ 

Lemma 9.3. Let X be a smooth algebraic variety over a field k, and let xq G X. Then 
Xq is contained in a closed subvariety Y of X of pure dimension drnvki^xo) ^\(xQ)/k "^hich 
is smooth at xq . 

Proof. Let mo be the maximal ideal of Ox,xo- When / G mo, denote by / its class in 
mo/mQ. The closed immersion Specfc(xo) — )■ SpecCx.xo induces the canonical second 
fundamental exact sequence 

([H], Theorem 58, page 187). Let /i, . . . , /m ^ nxo be such that . . . , S{fm) form 

a basis of Ker(/i). Choose an open neighborhood U of Xq and gi G Ox{U) such that 
for all z = 1, . . . , m, /j is the stalk of gi at xq. Let y be a closed subscheme of X, equal 
to V{gi, . . . , gm) in an open neighborhood of xq. As {/i, . . . , fm} is part of a regular 
system of parameters of Ox,xo: we find that 

dim^o Y = dimxo X -m = dimfc(^o) Q^xo)/k- 

Since i^Y/k)xo ® k{xo) ~ ^l(xo)/k^ S^*^ ^^^^ i^Y/k)^o is generated by dim^;;, F ele- 
ments, and this implies that Y is smooth at Xo (see, e.g., [3], 2.2/15). We may thus 
replace Y by its irreducible component which contains Xq. □ 

Lemma 9.4. Let C be a smooth connected curve over k. Let C be a regular scheme, 
separated and of finite type over k, such that there exists an open immersion C ^ C. 
Let z E C be a closed point. Then there exists a separable 0-cycle on C which is 
rationally equivalent to [z] in C . 

Proof. The connected component of C containing C embeds as an open subscheme of 
a regular compactification C of C. Lemma [93] follows from a stronger statement (|18j. 
Chapter 3, Lemma 3.16), in the proof of which the smooth compactification (which 
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may not exist in general) should be replaced by a regular compactification. We thank 
O. Wittenberg for the reference to [TS]. □ 
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